
  

  

Abstract—Multi-robot reinforcement learning is a very 
challenging area due to several issues, such as large state spaces, 
difficulty in reward assignment, nondeterministic action 
selections, and difficulty in merging learned experiences from 
other robots. In this paper, we propose a dynamic correlation 
matrix based multi-Q learning (DCM-MultiQ) method for a 
distributed multi-robot system.  A novel dynamic correlation 
matrix is proposed, which not only handles each agent’s Q 
value, but also deals with the correlation among agents. 
Furthermore, a theoretical proof of the convergence of the 
proposed DCM-MultiQ algorithm is also provided using a 
feedback matrix control theory.  To evaluate the efficiency of 
the proposed DCM-MultiQ method, several case studies of a 
multi-robot system in forage tasks have been conducted.  The 
simulation results show the efficiency and convergence of the 
proposed method. 
 

I. INTRODUCTION 
ULTI-AGENT system (MAS) has drawn considerable 
attentions to entrepreneurs and researchers in the last 

two decades, since it can be used to fulfill tasks that are quite 
difficult or even unfeasible to be accomplished by a single 
robot, especially in the presence of uncertainties, incomplete 
information, distributed control, and asynchronous 
computation.      

However, there exist many challenging issues in MRSs [1]. 
These challenges often involve the realization of basic 
behaviors, such as dynamic task allocation, robot 
coordination, and team reasoning, etc. Furthermore, MAS is 
usually bedeviled by the dimensionality when facing the 
scaling problems. The computation complexity [2] often 
grows exponentially with the number of agents in MAS.  As 
an emerging field of Artificial Intelligence (AI), MAS aims at 
providing both principles for the constructions of complex 
systems involving multiple agents and mechanisms for 
coordination of independent agent’s behaviors [3].   

In this paper, we will investigate a multi-robot learning 
problem.  More specifically, we will train a multi-robot 
system through Reinforcement Learning (RL) [4] until the 
multi-robot system can smoothly accomplish their job by 
themselves.  For example, a job could be searching and 
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pushing a box together to the exit of an area. Reinforcement 
learning is an active area of machine learning research which 
has received considerable and increasing attention in the last 
two decades. It is prospective since it assumes that the state 
space as well as the action space in a given scenario can be 
divided into discrete ones, and agents in that scenario can 
learn the optimal policy through reward perceiving. This idea 
outperforms the traditional control theory which needs to 
know the model of the environment first. 

Reinforcement learning and dynamic programming based 
methods for optimal control problems have been studied 
extensively [5, 6, 7, 8]. However, much less work has been 
conducted on distributed multi-agent reinforcement learning 
due to the difficulty of formulating and analyzing in theory 
[9]. Applying single-agent Q-learning methods to a 
multi-agent system directly may not be an efficient way for 
MAS since there is no coordination among the agents. 

Therefore, to solve the scalability problem in multi-Q 
learning method, it is desirable to develop a distributed 
multi-Q learning algorithm, where each agent makes its own 
decision (instead of a central unit) based on its own Q value 
as well as its neighbors’ Q values, instead of all Q values in 
centralized systems or only its own Q values in single-agent 
Q learning. Based on this motivation, in this paper, we 
present a novel dynamic correlation matrix based multi-Q 
learning (DCM-MultiQ) approach, which focuses on the 
cooperation between agents. This DCM-Multi-Q algorithm 
combines multi-Q learning with dynamic correlation matrix 
to dynamically represent the Q values of all agents as well as 
their correlations. A feedback Matrix theory is proposed to 
update the Q values in the matrix.  Based on the Matrix 
theory, the convergence of the proposed DCM-MultiQ 
method for a multi-agent system can be proved theoretically.  
Furthermore, the algorithm itself shows that the computation 
complexity increases linearly rather than exponentially with 
the number of agents in MAS.  

The paper is organized as follows. Related work is 
discussed in Section II.  The DCM-MultiQ approach is 
proposed in Section III.  To evaluate the proposed method, 
several case studies of a multi-robot system have been 
conducted, where multiple robots are searching for a 
fixed/random box in a grid area.  The experimental results of 
these case studies are shown in Section IV.  Conclusion and 
future work are discussed in Section V.  
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II. RELATED WORK 
Agogino and Tumor [10] proposed a method dealing with 

multi-agent reinforcement learning, which provides agents 
with immediate counter factual rewards. This method 
maintains the accuracy while increases the efficiency of 
reward function. Hysteretic Q-learning method proposed in 
[11] has improved traditional Q-learning through varying 
learning rates, which aims at forcing agents to converge to an 
optimal policy. Kaya [12] proposed a modular fuzzy 
approach which handles the continuous state and action space 
problem. Liu [13] proposed a strategy that combines 
reinforcement learning with behavior based control networks. 
Chalkiadakis [14] examines multi-agent reinforcement 
learning through a probabilistic point of view. He indicated 
that the joint actions of multi-robots in a given scenario 
should be determined sequentially with Bayesian network.  
By offering a Bayesian model in a multi-agent system, the 
system can reach the optimal equilibrium within relatively 
short time.  

Littman [15] extends the single agent framework of 
Markov Decision Process (MDP) into a multi-agent scenario, 
which is called Markov games or Stochastic games (SG).  
Furthermore, under SG framework, he proposed a 
Minimax-Q learning algorithm for zero-sum games in which 
learning player maximizes its payoffs in the worst situation. 
Later, Littman [16] combined Minimax and Nash Q learning 
algorithm, and proposed Friend-or-Foe Q-learning algorithm. 
Greenwald [17] proposed a Correlated-Q learning algorithm, 
which aims at finding Nash equilibrium in an efficient way. 
Hu and Wellman [18, 19] extended the zero-sum framework 
of Littman [15] to general-sum games and developed a 
Nash-Q learning algorithm for multi-agent reinforcement 
learning.  

However, extensive computational complexity and 
difficulty in scalability make the game-based MAS methods 
hard to be applied to large scale MASs. Later, with more and 
more researchers working on multi-agent reinforcement 
learning [23, 24], they inevitably find that MAS is hard to 
converge, at least lacks theoretical proof of convergence 
despite of some well-behaved experiments. In this paper, we 
propose a DCM-MultiQ algorithm which deals with a 
distributed multi-agent system using a correlated Matrix 
form, and the explicit theoretical proof of convergence is also 
provided. 

III. THE DCM-MULTIQ APPROACH 

A. Standard Q-learning Method 
RL research is mostly based on the formalism of Markov 

Decision Processes (MDPs) [15]. Q-learning method is based 
on the Dynamic Programming but with the expected 
immediate reward and the expected maximum action-value of 
the successor state [20]. It is perhaps one of the most widely 
used algorithms in Reinforcement learning. Suppose the 
agent observes a current state s , executes action a , receives 

immediate reward r , and then observes a next state 's . The 
Q-learning algorithm updates the current estimate, ),( asQk , 
using the following equation. 
 

'
1( , ) (1 ) ( , ) [ max ( , )]k k k k k

a A
Q s a Q s a r Q s aα α γ+

∈
= − + +            (1) 

    
where kα  is the learning rate and γ  is the decaying factor.      

The values of all the other state-action pairs remain 
unchanged during this update. If the action values of all 
admissible state-action pairs are updated infinitely often, and 

kα  decays with increasing k while obeying the usual 

stochastic approximation conditions, then { }kQ  converges 

to *Q  with probability of 1.     

B. Dynamic Correlation Matrix based Multi-Q Learning 
For a typical multi-robot system, cooperative learning 

between robots is very important for the overall global system 
performance.  To tackle this problem, a dynamic correlation 
matrix based multi-Q learning (DCM-MultiQ) method is 
proposed here, which is a decentralized cooperative 
reinforcement learning method. Basically, the model of 
DCM-MultiQ method is based on Stochastic Games [15].  
Inspired by the distributed value functions proposed in [9], a 
single robot’s Q values is updated with its own rewards as 
well as some weights of other robots’ value function, as 
shown in the following equations: 

 
( , ) (1 ) ( , ) ( ( , ) ( , ) ( ))i i i i i i i i i j j

j
Q s a Q s a R s a f i j V sα α γ= − + + ∑ (2)                  

Where                ( ) max ( , )
i i

i i i i ia A
V s Q s a

∈
=                                   (3) 

where ( , )i i iQ s a is the Q value of robot i at a given 
state-action pair ( , )i is a . ( , )i i iR s a is the immediate reward 
that robot i can get with the state-action pair ( , )i is a . α  is the 
learning rate and γ  is the decaying factor. ( , )f i j is the 
corresponding weight of each robot’s value function. ( )i iV s  
is the state value of robot i , which is equal to the largest Q 
value at state is . 

Instead of updating Q values individually by each agent in 
[9], we use a matrix to represent Q values for each individual 
robot as well as the correlated Q values of other robots.  
Apparently, we should have ( , ) 1

j
f i j =∑ .  We define ( , )f i j  

as 1/ n , where n is the number of robots in a given 
environment. 

First, we define ( , )i i iQ s aΔ as the difference of Q value of 
robot i between time step i and i+1, which can be represented 
as 

1( , ) ( , ) ( , )i i i i i i i i iQ s a Q s a Q s a+Δ = −                 (4) 
Then we apply equation (2) to equation (4), so we have 

841

Authorized licensed use limited to: Stevens Institute of Technology. Downloaded on June 5, 2009 at 14:28 from IEEE Xplore.  Restrictions apply.



  

1

1( , ) ( , ) ( ( , ) ( ))
n

i i i i i i i i i j j
j

Q s a Q s a R s a V s
n

α α γ
=

Δ = − + + ∑   (5)        

 
Then we expand equation (5) to a series of equations for 
1, 2,...,i n=  , and rewrite it into a uniform equation as: 

 
( , ) ( ) ( , )α αΔ = + −Q s a R WV s Q s a               (6) 

where  
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and a n n× matrix 

...

...

... ... ... ...

...

n n n

n n n

n n n

γ γ γα α α

γ γ γα α α

γ γ γα α α

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥=
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎣ ⎦

W  .                        

 
Note that after sufficient iterations, each learning robot will 

choose the action that holds the largest Q value, which is the 
same as the state value. From that time on, ( )V s should be 
equal to ( , )Q s a .  Then Equation (6) can be rewritten as 
follows: 

 
( , ) ( , ) ( , )

( ) ( , )
α α
α α

Δ = + −
= + −

Q s a R WQ s a Q s a
R W I Q s a

                (7) 

 
Where I equals the identity matrix.  Under that condition, we 
can make further combination over equation (7), and 
generates the following state differential equation: 

 
( , ) ( , ) αΔ = +Q s a AQ s a R                          (8)    

                                                          
where            α= −A W I  

 where A is a n n×  square matrix, and α  is the learning rate. 
Therefore, we can say that if a multi-robot system uses the 

DCM-MultiQ method as its control method, the control 
system can be represented as a state differential equation by 
equation (8):   
 
                             ( , ) ( , ) αΔ = +Q s a AQ s a R                         (9) 
where α= −A W I is a n n× state matrix, Q is the state 
vector, the learning rate α is the input signal, and reward 
vector R is the control signal vector.  According to the 
feedback control theory, we can say the Q values of the robots 
will converge to a stable vector eventually if we can prove the 
stability of this state differential equation.  In other words, the 

robots will find an optimal policy vector { }iπ=π for 
1, 2,...,i n= eventually to work cooperatively and efficiently 

for a task over time.   Therefore, we have to prove the 
following theorem for the stability of the system first.   
 
Theorem 1:  If we have a system with a state differential 
equation as follows: 

( , ) ( , ) αΔ = +Q s a AQ s a R , 
then, state vector Q will converge to a stable vector 
eventually if the real parts of the eigenvalue of matrix A are 
less than 0.  

 
Proof.  It is reasonable to assume that each iteration of 
equation (7) is short enough so that it can be rewritten into a 
continuous version as follows:     

( , ) ( , ) α= +Q s a AQ s a R& .                       (10) 
Equation (10) can be treated as a standard feedback control 
system.  According to the feedback control law, this kind of 
system will be stable if all the poles of the system’s transfer 
function are strictly located on the left side of the complex 
plane.      

From the control theory point of view, the eigenvalues of 
matrix A are equal to the poles of the system. Therefore, the 
convergence problem can be transferred into a standard 
eigenvalue and eigenvector problem.  In other words, if all of 
the real parts of the eigenvalues of matrix A are less than 0, 
we can say that the system is stable.  When the system is 
stable, it means that state vector Q will converge to a stable 
vector according to equation (10). The characteristic equation 
of the vector differential equation (10) is defined as    
 

det( ) 0λ − =I A                               (11) 
where I equals the identity matrix.  The characteristic 
equation is a polynomial in λ .  If all of the roots of the 
characteristic equation have negative real parts (i.e., 
Re( ) 0iλ < ), then the system is stable.  

Put matrix A into equation (11), we have 
 

( 1) ...

( 1) ...
det 0

... ... ... ...

( 1)

n n n

n n n

n n n n

γ γ γλ α α α

γ γ γα λ α α

γ γ γ γα α α λ α

⎡ ⎤− − − −⎢ ⎥
⎢ ⎥
⎢ ⎥− − − −⎢ ⎥ =
⎢ ⎥
⎢ ⎥
⎢ ⎥

− − − − −⎢ ⎥
⎣ ⎦

      (12)                     

Then, from the above polynomial equation, we can easily 
derive it to the following equation: 
 

1( ) ( (1 )) 0nλ α λ α γ−+ + − =                             (13)  
                     

Which means 
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1 2 1... ,
(1 )

n

n

λ λ λ α
λ α γ

−= = = = −
= − −

                               (14) 

Since 0 1α< <  , we have 1 0α− < − < .  According to (14), 
it means that 1 2 11 ... 0nλ λ λ −− < = = = < . Similarly, since 
0 1γ< < , we can easily get  1 0nλ− < <  from (14).   In other 
words, Re( ) 0iλ <  for i=1, 2,..,n. Thus we can claim that the 
system with this state differential equation is stable, i.e., 
Q& will converge to zero eventually, which means that state 
vector Q will converge to a stable vector.  

From Equation (8), it can be seen that the DCM-MultiQ 
algorithm divides the global state and action space into local 
ones, and each agent only stores its own local Q values. 
Meanwhile, the proposed algorithm updates each individual’s 
Q values together with other agents’ value of that state to 
collect group learning experience.  

Theorem 1 provides a theoretical foundation that the 
proposed DCM-MultiQ control method can guarantee a 
convergent learning curve of the multi-robot system over 
time.   More specifically, an optimal cooperative policy 
vector for multi robots can be achieved to accomplish the task 
more efficiently after some iterations of training procedure.    

C. Action Selection Strategy 
The Boltzmann selection method [21] is applied here as the 

robot action selection strategy.  At any state s , an action a is 
selected with the following probability: 

( , )

( , )( )

Q s a
T

Q s a
T

a

ep a
e

=

∑
              (15)                        

where T is called temperature and defined to be 1 here. 

IV. EXPERIMENTAL RESULTS 
     To evaluate the efficiency and convergence of the 
proposed DCM-MultiQ method, several case studies of a 
multi-robot system are studied. Our simulation environment 
is a self-developed Java-based simulator.  

A. Case Study 1: Multi Robots in a Forage Task with a 
Static Box 

It is assumed that the environment can be divided into 
grids, as shown in Fig. 1.  A static box is randomly located 
within one grid of the environment, where there are some 
static walls.  The environment is totally unknown to the 
robots except the total number of grids in the environment.   
The robots can only know the locations of box, walls and exit 
when they really hit the wall, see the box, or see the exit 
physically.   

The robots have to learn how to avoid walls to find the box 
and push the box together to the Exit. Both robots start their 
movement from the Start grid.  The robot can only move up, 
down, left, or right at each grid.  If only one robot find the box 
while the other is still searching, the one who finds the box 

has to wait there for the other one.  Once both of them find the 
box, they start to push the box to Exit, where they don’t know 
the position of Exit until they arrive at the Exit grid. 

Since it is a distributed system, each robot makes its own 
movement decision at any time.  During the box-moving 
phase, if the decisions of movement from two robots are 
different, for example, robot 1 wants to push up while robot 2 
wants to push down, the box stays where it is until both robots 
make the same decision.  The objective of this multi-robot 
system is to use the proposed DCM-MultiQ method to train 
the robots so that the robots can find an efficient path to detect 
the box and push the box cooperatively to Exit.  Fig. 1 shows 
a set of snapshots of the learning procedure in simulation. 

When both agents find the box, they start to push it. If they 
make different decision on the movement of the box, the box 
cannot be pushed, and both agents would get a penalty of -90. 
If both robots push to the same direction, and the box doesn’t 
arrive at the exit place, both robots will get the regular reward 
as -1. When the agents finally push the box to Exit, they 
would get a reward of 180.   

 

 
                      (a)                                             (b) 

 
 
Fig 1. A set of snapshots of multi-robot learning for box searching and 
pushing in the simulation.  
 

There are two learning phases in the simulation: box 
detection phase and box pushing phase. During the box 
detection phase, each robot makes its own decision to detect 
the box.  During the box pushing phase, the robots have to 
work together to push the box into the same direction. After 
enough iteration, the robots finally can find the box 
efficiently and push the box through a shortest path to the 
Exit.   

To show this learning procedure and the convergence of 
the proposed DCM-MultiQ learning method, the mean values 
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of ),( asQ iiΔ for each iteration have been collected.  The 
learning rate is setup as 0.9α = and decline factor is setup as 

0.9γ = .  Fig. 2 to Fig. 3 show the simulation results of these 
mean values Theoretically, after sufficient rounds of learning 
episode, the mean value of ),( asQ iiΔ  should decrease to 
zero, which means that the learning become converge 
eventually over time.  

In Fig. 2, when the robots hit the wall, they would get a 
penalty of -90, and when they find the box, they would get a 
reward of 180.  So after enough iteration, robots learn how to 
avoid hitting the walls and the difference of Q value will 
gradually decrease to zero. Fig. 3 demonstrates the learning 
curve of robots when they try to push the box. Apparently, 
robots get a penalty of -90 much more often than the box 
searching phase. That’s because it holds relatively more 
probability that they get penalty due to making 
non-cooperative decisions.  From Fig. 2 to Fig. 3, it can be 
seen that after certain times of iteration, the mean value of 

),( asQ iiΔ  will decrease to zero gradually, which 
demonstrate the convergence of the proposed DCM-MultiQ 
learning algorithm. 
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Fig.2. Mean values of ( , )i i iQ s aΔ for two robots during the box-searching 
phase 
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Fig.3. Mean values of ( , )i i iQ s aΔ for two robots during the box-pushing 
phase  
 

To further evaluate the learning performance, extensive 
simulations have been conducted to collect the statistic data.  
In Fig.4, we can see that robots can only finish several tasks 

within 1000 steps at the beginning phase of the learning.  
Then after some learning iteration, the robots can finish much 
more tasks within 1000 steps.  And eventually the curve 
converges to some constant value.    

0 5 10 15 20 25 30 35 40
0

5

10

15

20

25

30

35

Number of trials (*1000)

N
um

be
r 

of
 t

as
ks

 f
in

is
he

d 
(e

ve
ry

 1
00

0 
st

ep
s)

 
Fig. 4. Number of tasks finished for every 1000 steps.  

B. Case Study 2: Multi Robots in a Forage Task with a 
Randomly Moving Target  

To further testify our DCM-MultiQ algorithm, we applied 
it into a more challenging scenario in a forage task with a 
randomly moving target.  

We use a discrete 10 10× grid environment in which 
multiple robots have to learn to catch a single randomly 
moving target.  Three groups of simulations have been 
conducted, where two, four, and eight robots are applied 
separately in each group.  Fig. 5 and Fig. 6 show the 
snapshots of two-robot case and four-robot cases, 
respectively. 

 

  
                 (a)                             (b)                                 (c) 
Fig.5. Snapshots of simulations of two robots catching a randomly moving 
target. Circles represent the robots and black rectangle represents the moving 
target. (a) Both robots are searching for the target;   (b) One robot grabs the 
target and the other is still searching; (c) Both two robots grab the target (task 
finished!) 
 

 
              (a)                              (b)                               (c) 
Fig. 6.  Snapshots of simulations of four robots catching a randomly moving 
target. (a) Four robots are searching for the target; (b) One of the robots grabs 
the target and the other three are still searching; (c) All of the four robots grab 
the target (task finished!).   
 

The learning rate is setup as 0.9α = and decline factor is 
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setup as 0.9γ = . By applying the proposed DCM-MultiQ 
learning algorithm with the Boltzmann action selection 
method, the simulation results are shown in Fig.7.   

0 20 40 60 80 100 120 140
0

10

20

30

40

50

60

70

80

90

100

Number of steps(*1000)

N
um

be
r 

of
 c

ap
tu

re
s 

(e
ve

ry
 1

00
0 

st
ep

s)

 

 

2 robots

4 robots
8 robots

 
Fig.7. Number of captures for every 1000 steps using two, four, and eight 
robots. 
 

From Fig. 7, we can see that the numbers of captures per 
1000 trials for all three cases are very low at the beginning of 
the learning phase. They are increased significantly after 
some learning time (around 20k steps), then are converged to 
some stable values with small oscillations. The main reason 
for the small oscillations on the convergence is due to the 
random movement of the target.   

V. CONCLUSION AND FUTURE WORKS 
In this paper, we have presented a novel multi-robot 

reinforcement learning approach for a distributed cooperative 
multi-robot system.  Since the DCM-MultiQ method is a 
distributed learning algorithm, it can provide a multi-robot 
system more robustness and scalability. The computational 
cost only increases linearly rather than exponentially with the 
number of robots. It has been demonstrated empirically and 
theoretically that the proposed DCM-MultiQ algorithm can 
achieve successful convergence of the learning system, as 
well as the efficient cooperation among multiple robots. 

In the future, we will investigate a more efficient definition 
of Matrix A. Apparently, a well-defined matrix A can 
definitely make multi-robot cooperate better.  Meanwhile, we 
will put more weight on the agent’s own value function rather 
than uniform distribution. Furthermore, we will vary the 
learning rate α  and the declining factor γ  to reach rapid 
convergence in our cycle of reinforcement learning as 
presented in [22].  
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