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Abstract—We study the dynamics of social networks in terms
of population growth and control of user behavior. Most of
the current research in social networks focus on static angkis
through graph theoretic models to represent the networks or
focus on modeling the traffic. Here, we study the cost of
collaborative vs individualistic behavior of users in orde to
grow their network size in a social network. Each user incurs
a cost (monetary or emotional) for collaboration. We formukte
the behavior of the users as a non-linear optimization prok¢m
with a cost. The objective function of the optimization prodem is
obtained using a stochastic analysis of population growtini social
networks, based on the first-passage time of a birth-death rcess.
The stochastic model is validated by comparison with real da
obtained from Twitter Results indicate that a homogeneousaxial
network (in which users have similar characteristics) will be
individualistic. However, heterogeneous social networkgusers
with different characteristics) exhibit a threshold effed, i.e., there
is a minimum cost, below which the network is as collaboratie

most recently, in [10]. Dynamic behavior of social networks
has been studied in terms of varying user relationships by
modeling social networks as random graphs and using the
spectral properties of the adjacency matrix to model the
randomness. Chen [11] presented a set-covering approach to
model the influence of users in a social network. Popularity
models for users using EM algorithms can be found in [12].
The graph theoretic models for social networks were further
investigated to study the properties of the graphs (e.§]r [1
[15]). Leskovecet al studied the evolution of node degrees in
an online social network graph and showed that the diameters
of the graphs decreases é]log(log V)), where N is the
number of nodes in the graph. This result was further re-
inforced by Kumaret al [14], where they studied data from
Yahoo and Flickr and exhibited a power law behavior in the

as desired and a maximum cost above which the network is degree of nodes. In [15], Leskovet al provided heuristics
individualistic as required. To the best of our knowledge, this isfor the vertex cover problem to identify popular users and

one of the first analysis of dynamics of user behavior and oeahp
population growth in social networks.

Index Terms— Social networks, growth, behavior, individualistic,

collaborative.

I. INTRODUCTION

The advent of online social networks (OSNs) that links USEfRe o-mail [17] and video traffic [18].

based on professional interests (e.g., LinkedIn [1]) ospeal
interests (e.g., Facebook [2], Orkut [3], MySpace [4], Terit

[5], etc) have given rise to new avenues of research due to

availability of data to perform the analysis [6]-[21]. Wil

most approaches in the literature discuss static analyfsis

social networks (e.g., user relationships [7],[8][10]dareffic
models [17]-[21], the dynamics of social networks in terrhs

not been done in detail. Here, we present

messages that cover maximum content on a topic in OSNSs.
Co-operation of users in Wikipedia was studied in [16]. It
was shown that the number of edits in Wikipedia follows a
log-normal distribution.

Another topic of research in social networks in has been
the characterization of the traffic arriving into these rarts,
In [17], Malmgren
et al collect statistics on the e-mails sent from two different

ountries and universities. They fit a hidden Markov model to
&fﬁracterize the e-mail traffic during the busy and the inact
hours. Philipaet al [18] study the characteristics of video
tfffic in YouTube and its effect on social networking. InT,19
Nazir et al study the impact of third party applications on

Facebook. Heyman and Lucantoni [20] argued that although

user cooperation or the temporal growth of the network haYrﬁernet traffic exhibits self-similarity, they can be mésteas a

Markov modulated Poisson process (MMPP). In [21], we pre-

» a stochastic model to study the growth of social networkgnted an architecture to collect Twitter messages (“sipet

and

sent to particular users and showed the the number of tweets

« its extension to a non-linear Optimization model to Contr@ent to a user can me modeled as a Poisson process. Most
collaborative vs individualistic user behavior so thatrﬂseof the studies mentioned above focus on the static ana'?sis 0
grow their networks collaboratively or in an individual-social networks, i.e., user relationships or the chareetton

istic manner.

of the traffic.

Social networks were traditionally modeled as graphs with An important aspect of human society is the study of

each user representing a node and two nodes joined byimdividual and collaborative group behaviors [23]. Useo$ ¢
edge if the corresponding users share a friendship relatiteborate with others for mutual benefit such as in political
This model later led to the analysis of user groups usirsgenarios [24], or for growth in professional careers [25] o
the “friend of a friend” relation [7]. Recent studies on gnapfor emotional support [26]. Some of these decisions could
theoretic models for social networks can be found in [8], aralso involve ethical issues, e.g., [27]. While the largeunoé



of data in online social networks has been applied to soctal a user (or on a topic) is a Poisson process. Here, we
network analysis [28], the dynamics of user behavior in tHfest measure the arrival rates for varying values of thdahit
form of collaboration between users in groups and the growplopulation,@. Fig. 1 shows that the arrival rate of tweets on a
of groups have not been studied in detail. In OSNs, users dapic depends on the number of users that currently tweet on
benefit based on several factors, one of them being the sizehd# topic, i.e., the arrival process of tweets is a stateeddent

their “friend” or “follower” network. Poisson process. We use this to model the user population on
In this paper, we study the behavior of users in group

in terms of growing the size of their online social network. 100 ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘

This can be achieved by individual efforts or by collabarati sof- /

with other users. We provide a non-linear optimization node o -

according to which users collaborate with other users in the
network to grow their individual network size. Users incur
a cost (which could be monetary in terms of paying money
or emotional in terms of an obligation) when collaborating
with other users. The cost depends on a parameteResults
indicate that in a homogeneous network, i.e., a network
in which all users have similar characteristics, users are
individualistic and do not collaborate with other users. In
heterogeneous social networks, i.e., networks of users wit ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘
different characteristics, a threshold effect is obsemnwbére .S RV

in bounds on the parametdr, can be obtained that control

the behavior of the group. Specifically we show the existen?@- L A”i"al' 'atesf";thfe .P.O:SSO“ process correspondinigreets on Haiti,
of a lower bound, such that for values 6f less than the or various values of the initial populatiox.

lower bound, the network can be as collaborative as desired. . . . . .
Similarly, we obtain an upper bound, @ for values above a topic as a continuous time Markov chain (CTMC) which

which, network is as individualistic as required. Thus,ruséepresentsapwth—death process with stgte—depend_e sitica
behavior can be controlled by controlling, rates. The arrival rate of users at stakg,is N . The interval
The objective function of the optimization problem is ob_Ilmes between successive deaths (corresponding to usags be

tained by a stochastic analysis that models the growth gpctive, 1.e., users ceasing f_“)”? tweeting on the_ to_pu:) IS
social networks. We characterize the growth and decay o%?del(fd as an exponentially distributed random variabikh, w
social network using the first passage time of a birth-de gan ;. The death—_rate at statey is therefore,Nu_. Lgt
Markov process. We validate our model by comparison Wil]N(t) be the populgtlon of the net\_/vork at t|me,.wh|ch_ IS
data collected from Twitter, using the APIs and archit&stu?he nhumber of active users tweeting on a topic at time,
we developed in [21]. We choose Twitter because it is t sed on t_he arguments presented ab‘”‘?@‘ﬁ as a}_CTMC
OSN that has had the highest growth in popularity [29]. TH rresp_ond_lng to a birth-death process, with transitidesras
results of the stochastic analysis indicate that less popgiers shown in Fig. 2.
benefit more through collaboration while more popular users X ) o e o
benefit by individual effortsTo the best of our knowledge, this ° : : S
is one of the first analysis of dynamics of user behavior and 010 G " """"
temporal population growth in social networks. oo Bk N g e

The rest of the paper is organized as follows. Section _ _
Il presents the stochastic model and the analysis to Studl;lg' 2. CTMC model for the number of active users in an OSN grou
the dynamics of the population growth in social networks.

Numerical examples on the stochastic model are presentedt€t ™ = limi—oc Pr{N(t) = n} and letw = [m]o<; o
in Section Ill. In Section IV, we present the non-lineaP€ the steady state stationary probability vector of theuocc

optimization problem that controls the behavior of users #FNCY of the CTMC. The local balance equations of the CTMC
a social network. Additional applications of our analysig a Shown in Fig. 2 aré\m = um and for M > 2,

presented in Section V and conclusions are drawn in Section

VII. (M —2)Ampr—o + Mpmpr = (M — 1) [Amar—1 + prar—1] - (2)
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Il. STOCHASTIC ANALYSIS From the system of equations listed in (1) and the normaliza-
We collect the tweets on the topic, “Haiti” from Twitter,tion condition,Y_/” ;7 = 1, we obtain
using the data collection architecture described in [21¢ W .
start with an initial size of member§), that tweet on “Haiti". o = [1 +1n (ﬁ)] and
We then count the number of new users that tweet on Haiti . -
every minute. In [21], it was shown that the arrival of tweets me = o [1 +1In (ﬁ)} k=1,

)



Wherep = k . The necessary and sufficient condition for th&rom (3) and (9), the mean time taken for a birth-death poces

CTMC shown in Fig. 2 to be positive recurrentas< 1. with transition rates shown in Fig. 2, to decay 1 starting
The mean time taken for the population to decay to feom state,Ny, can be written as

specified value, can be determined from the first passage time <

distribution of the birth-death processes. Consider a igne D(N, No) = 1 & R i "
birth-death process wherg; is the arrival rate or the birth A = Pt i L
rate when the population of usersis Let p;, be the death No_ N -1
rate of users in staté;. Let Ag = 1 and fork > 1, _1 Z 1 In ( 1 ) 3 o (10)
AoAs - A Az oA l—p) Hn|
Ay é 0A1* 1. 3) =1 n
[V SRR U Note that the expression in (10) is valid only fox 1.

Then, the mean time taken for a birth-death process to reach &0F @ general birth-death process with birth-ratein state,

state,V, starting from a stateY, > N, denoted aD (N, N,), * and death-rateyy, in state,k, the mean time taken for the

is thefirst passage timérom the state N, to N, defined as population to grow to a critical masgy*, starting from an
initial mass,Ny < N*, defined as

D(N,No) = E |inf {7; N(1) = N|N(0) = No}| . 4 _

If No =k andty, 2 inf,{t; N(t) = k — 1|N(0) = k}, thent;,
is obtained as follows. The CTMC stays in stdtdpr a time,
0r, Which is exponentially distributed with ratg;, + ux. The
event that leads the CTMC into leaving stateould be

can be obtained as follows. Let, = 1nft>0{t N(t)=k+
1|N(0) = k} and letgx(s) be the Laplace transform of the
pdf of wy. Then, following the arguments used in obtaining

) . (5) and (6),
1) a departure, with probablhtyﬂk‘jr—’“Ak or )
2) an arrival, with probability—2:—. gr(s) = b Hi Gr—1(s)gr(s). (12
) . p Yixtin i (s) PRy V. + P VL 1(s)gk(s).  (12)
When event 1) listed above occurs, it takes the CTMC to state,
k — 1. If event 2) mentioned above occurs, it takes the CTMThen Efwy] = — lim,_o dg’“(s) ,i.e.,
to state,k + 1. The first time instant the CTMC would reach b1
state,k — 1, would then be the sum of the time taken to first Eluwi] = 1 Z A, (13)
hit state,k starting from statek + 1 (i.e., tx4+1) and a time, Ak—18%—1 ’
;’?’ l\jvr:g::tshascézebzavcitgfglsbuuon 45 Combining these where Ay = 1 and Ay is as in (3) fork > 1. Since
9 h T(No, N*) = SN 70 Ewy], it can be written as
. { Sk, with probability 5 ) NN
k= ~ . -
(6k + t+1 + 1), with probability pver U(No, N Z Ve 1Az - Z Ay, (14)

. . - . . n=0
whered;, is an exponentially distributed random variables wit

rate, A\, + ux and t) is a random variable with a distributiont&pplylng (14) to the CTMC in Fig. 2,

identical to that oft,. Let fi(s) be the Laplace transform of o 1NN =l
the probability density function (pdf) of,. From (5), fi.(s) U(No, N )=+ (1 +> ) (15)
can be written as =1
- A - - Note that the expression in (15) is valid both fer< 1 as
fr(s) = s+ )\'L;k_i_ h + s+ /\:+ i fr41(8) fr(s). ©)  well as forp > 1. -
It is also observed from (10) and (15) that the mean time
Let E[t;"] be them'™ moment oft,. Then [30], to decay and build, depend on the initial population siXg,
dmfk(s) and the final population){ for decay andN* for growth).
E[t7] = (-1)™ ;13% 2o (7) However, it is also noted that the mean times depend only on
o the differencesNg — N and N* — Ny. Therefore, for the same
Combining (6) and (7) forn = 1, amount of decay (i.e., same value §§ — N) or growth (i.e.,
1 o0 value of N* — Ny), the mean time to decay or grow does not
Elty] = AL > A, (8) depend on the initial populatioryy.

IIl. NUMERICAL EXAMPLES

where A; is as defined in (3). SinceD(N,No) = We run@ = 100 queries each minute to Twitter using the

;\2)1 NE[tl]* experimental set up described in [21], on the topic, “Haiti"
At the k" minute, let there bel, number of arrivals and;,
D(N, Ny) = Z ZA (9) number of deaths. The number of actively tweeting users in
— A 1Az 1 the k™" minute, Ny, is obtained asV, = Ny + A, — Dy,



with Ny = @ = 100. From this, we compute the numbermpopularity of the user.
of times the population builds to a critical mass;* or to In order to study the growth process of more popular and
decays to a specified valu@&] and the time taken each forless popular users (as defined in Definition 3.2) in detail,
each such occurrence. We use this to obtain the average tinee consider growth of two typega) growth by "individual
for the population to build to a critical mas¥,* or decay to a effort”, which is the case when a user aims to grow from a
specified value]N. This gives the parameters corresponding teetwork size, Ny, by a size,N* (i.e., to a sizeN, + N*) and
the Twitter data. We compute the same parameters using thg “collaborative” growth, which is the case when network
expressions in (15) and (10), respectively and compare thefa user grows from an initial masajy, by an intermediate
with those obtained from our experiments. size, N, and then goes on to grow frof¥, + N to the desired
Fig. 3(a) presents the mean time taken for a social netwagktical mass Ny + N*, i.e., grows by a sizelV* in two steps,
to grow to a critical massV*, starting from an initial mass, first by a sizeN and then by a sizelV* — N.
Ny = 100. Fig. 3(b) presents the mean time for the population Figs. 4(a) and 4(b) compare the collaborative growth and
for decay to a specified valud], starting fromN, = 100. The that by individual effort, for the casex; = 0.95 (i.e., a
arrival rate or the birth rate and the death rate are measuless popular user) and = 1.1 (i.e., a more popular user),
from the data and are found to be 0.89 per user per minute ardpectively. For both the cases, we show the results for
0.94 per user per minute, leading o= 0.95. It is observed X = 0.89 per user per minute antl = |N*/2]|. Itis observed
that the values obtained from the Twitter data matches lglosérom Fig. 4(a), that for less popular users, the growth by
with those obtained by the stochastic analysis presentedcoilaboration is much faster than that by individual effort
Section II. For instance, it takes around 2000 minutes (36 hours) for a
The analysis discussed in Il can be applied to individugrowth by individual effort by a size, 70 where as, the growth
users instead of networks. A user typically has an initidly 35 (i.e., 100 to 135) and then by another 35 (135 to 170)
network size (e.g., an initial list of friends or an initiaktl takes about 200 minutes (about 3 and half hours). The imuiti
of followers). The user may want to expand the list of friendseasoning behind this is as follows. Unpopular users requir
This could be done by inviting other users (outside of it®nger time to create a trust in people thus grow to a desired
existing list of friends) to be a friend or by collaboratiotlv mass. Here, collaboration help people build the trust. @n th
the existing list of friends by seeking referrals. “Growtiut  contrary, popular users (those wjth> 1, already find the trust
individual users then represents the growth in the size aif thof people and reach their desired mass faster by individual
personal network, which could be the number of friends thefforts than by collaboration, as observed from Fig. 4(bg. A
have in the network or the number of friends following theman example, it is observed that individual effort from aniadi
The activity of a user that can add to the population in theass of 100 by 70 takes about 60 minutes while that by
network of the user is the invitation to other users to joia thcollaboration takes about 85 minutes. It is also observeh fr
network. This activity level is analogous to the arrivaleratFig. 4(b), that for small values oN* collaborative growth
of tweets on a topic. Similarly, some people who join the faster than individual effort for the casp,> 1 as well.
user's network may eventually leave, e.g., some people malis is because, the popularity of a more popular user plays a
stop following the user. This is analogous to the deaths significant role only when the desired size in growth is large
lack of tweets on a topic. The ratio between the rate at whi¢tor small values ofV*, the popularity of the individual does
people join the user’s network and that at which people leaveot play a significant role.
is analogous t@ of a topic in Twitter. Based on the discussion In general, in a network with multiple users, depending upon

above, we present the following definitions the relative activity and popularity levels of the indivalu
Definition 3.1: The activity leve] \, of a user is the rate at users, each user can grow faster either by individual effort
which people arrive into the network of a user. or by collaboration with other users in the network. It then

Definition 3.2: The popularity of a user is the ratiop, of raises the following questions
the rates at which people enter the network of a user and that) When do users collaborate?
at which people leave the network of a user. 2) Who do they collaborate with?
The popularity is the ratio between the success and failure3) To what extent do they collaborate?

rates of the user. This is analogous to the rafio= A/ we answer these questions in the following section, where
of tweets on a topic in Twitter. Thug, > 1 indicates anore e formulate the behavior of users (i.e., collaboration vs

popularuser because people join the network of the user fas{ggjividualistic behavior) as a non-linear optimizatioroptem
than they leave. Similarlyp < 1 indicates that people leaveyith a cost.

the network of the user faster than they join and hendess

popular user. The case; = 1 represents @opularity-neutral IV. CONTROLLING GROUP BEHAVIOR

user The expression in (15) can therefore be used to determineConsider a network in which a user can collaborate Jith
the mean time taken for a user to grow its network to a desirether users. This is represented as a node of dedfed a
size, starting from an initial mass. It is also observed f(@&) graph.

that the mean time for the network of a user to build or decay Definition 4.1: The j** user with whom the user of interest
depends both on the activity level of the user as well as tian collaboraté1 < j < K) is called its;*"* neighbor
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Let the activity level of the user (as defined in Definition)3.1also incurs a costC(p;) = Cf(p;)n;, whereC is a non-
be A and that of itsj** neighbor be);. Let the popularity negative parameter anf{p;) is some increasing function of
of the user (as defined in Definition 3.2) heand that of p; (a special case is the linear functiof{p;) = p;). The cost
its ;" neighbor bep;, 1 < j < K. The user takes a time,incurred is the price paid to thg" neighbor for collaboration
U(No, N*), given by (15) to grow from an initial massy, with that neighbor. This price could be monetary (by paying
to a desired critical massy*. Thus, then user desires to gronmoney to the neighbor for collaboration) or emotional (by
by a sizeNiarget = N* — Np. The user can collaborate withhaving a moral obligation to collaborate with the neighbor
the j** neighbor to grow by a size;;. The amount of benefit later for the benefit of the neighbor). Therefore, the ndityiti
obtained by the usei/;, due to collaboration with thg!* obtained by the user due to collaboration with all its neiyisb
neighbor for a strengtty;, is the amount of time saved byU,, is

collaborating with thej** neighbor, i.e.,

U]‘ = U(nj) — Uj (nj), (16)
K
_ A — . — A — . N
whereU(m) = U(0,m) in (15) andU;(m) = U(0,m) in U, = ZUJ — Cf(pj)n;, (17)
(15) with X replaced by); and p replaced byp;. A user =1



where U; is obtained from (16). Let n 2 the desired strength that a user grows by collaboration with

[n1 n2 ng -+ ng |. Then the strength by which athe;*" neighbor. The optimization problem innow becomes
user grows by collaboration with each of i neighbors can an optimization problem ix 2 [ 21 22 23 - g |,
be determined by solving the optimization problem written as
leéllX []7 (18) K L Ntarget @ . (%)Ntargctmj*n
subject to the constraints msz; i1 Zl n
= n—

K Ntarget ©; L (L)Ntargctmj*

an S Ntargct- (19) *% f jL Z £ - - Cf(Pj)Ntargetzj> > (21)

j=1 ! P n=1
In the above, the inequality occurs because the user nsypject to the constraints
choose to achieve part of the desired strength,,get, by K
1 i * * * * * Z i—=1 Zj S 1 and
individual effort. Letn* = [ nf n} nj --- nj | rep- TR (22)
resent the vectom that solves the optimization problem in =T=5 J-
(18) subject to the constraints in (19). The objective function in (21) can be further simplified by

Definition 4.2: The network is said to béromogeneous approximating the summation by an integral, to obtain
(or called ahomogeneous netwqrkf all users have similar . .
characteristics (which could be the activity level, popitya . 11

X . max i(zj) — Cf(p;)Nyarget©; = max -
etc). In this case, it corresponds o, ~ A\, = A, V x Z (@ Pi) Ntarger e = ma Z AT I
1 < j,k < K. A network that is not homogeneous is said

j=1 j=1

Ntarget®j 1 _ (L)Ntargecljfz
to be heterogeneousr called aheterogeneous netwark / _\r)
Definition 4.3: A user is said tocollaborate with its;*" 2=1 -
neighbot if n} > 0. L, Nearger g 1 — (L) Nrereer s
Definition 4.4: A network is said to be-individualisticif 31— L /y1 v = CfeNargeres |+ @9

a user collaborates witl'. of its neighbors, such thdt < _ _ _ _

Ke < § < 1. The network is said to bimdividualisticif it is ~ Subject to the constraints, (22). The Lagrangian corresipgn

§-individualistic for§ = 0. to the optimization problem in (23) subject to the constsin
Definition 4.5: A network is said to be-collaborativeif (22) can be written as

a user collaborates wit'. of its neighbors, such that >

Ee > € > 0. The network is said to beollaborativeif it is al ) al

e-collaborative fore = 1. L(x, p,v) = Z Uj(z;) = Cf(pi)z; | —pu(y” —1+ Z z;). (24)

The following theorem provides a characterization of homo- =t =t

geneous networks. The following lemma provides a framework to solve for the
Theorem 4.1:A homogeneous network is individualistic. optimumx* = [ =} 3 2f - 2} |.

Proof: If X\; =~ A\, V 4, K AND if p; =~ pi, ¥ j, k, then, Lemma 4.1:At the optimumx*, the user obtains equal net
from (16),U;(z,) ~ 0,V j and hence, from (17)/;(z;) < 0, utility from all its K neighbors.

v C > 0. Therefore, in such a scenario; = 0, V j, i.e,, Proof: Applying the Kt_:lrus_ch-Kuhn-Tucker (KKT) con-
K. = 0 and the network isgj-individualistic for § = 0, i.e., ditions [31] to the Lagrangian in (24),

the network is individualistic. o L 8 (U,(x;) — Cflpy)z;)

Theorem 4.1 indicates that collaboration is not possible in O =M,

homogeneous networks. It is then of interest to control the -

collaboration of users in heterogeneous networks, which /- The statement in Lemma 4.1 then follows. L
done as follows. Lemma 4.1 then implies that the optimé, can be determined

The optimization problem in (18) subject to (19) is a®y maximizing eachU;(z;)i = Uj(x;) — Cf(pj)Niargert;
integer programming problem [31] and hence, is NP-hard [32}ith respect toz;. Applying the first order necessary condi-
Therefore, we simplify it as follows. The expression in (15§0ns to the objective function in (23), the optimal is obtain

can be re-written as as a solution to
N*—No—n 1 1 1 ‘Nv':alrgetI;f pz _ pZ
- 1 - () G-5) w7 = o N @9)
U(Nog,N*) = 71 (20) i/ T Ja=1
S n=l " In order to meet constraints (22), we foreg = 0 if 27 < 0.

The optimization problem in (18) subject to (19) can be rethe optimal; is obtained a8} = | Niargetz |- Note that this
written using the expression fcl_lf(nj) = U(O,nj) in (20). could result iani1 n; = N < Niarget, IN Which case, the
We relax the integer programming problem as follows. Letser grows by individual efforts directly (without collatading

n; = Niarget;. Here,0 < z; <1, represents the fraction of with neighbors) for the amounty;,,get — N.



Note that ifA > \; andp > p;, thenU;(x;) < 0,V x; > 0. the L'Hospital's rule. From (25) it is also observed that
Intuitively, this means that a user will have no incentive in
collaborating with a neighbor who is less active as well as Nymtarget Niarget®
less popular. Therefore, we only analyze the case when; oc ! <l = i) P - <0, (27
OR p < p;. Also consider the numerical example wih = 5 ow; ~ Jley) Ad i
neighbors,p = 0.01, A = 0.89, Niarget = 500, f(pj) = p; if A < \; andp > p, or vice-versa (as mentioned earlier).
(i.e., linear pricing) and” = 0.0001. The values ofA;, p; In other words.x} is a decreasing function af. Therefore,
and the corresponding optimal; are tabulated in Table I. It c> Céj) = 2% =0, e if C > Cras Cnas A max; Céj),

TABLE | z; =0,V j, i.e., the network becomes individualistic. =
THE OPTIMAL 7 WHEN A USER HASK = 5 NEIGHBORS f(p;) = p; Corollary 4.1: ¥V 6, 0 < § < 1, 3 Chnax(0), such that for
AND THE COST, €' = 0.0001. C > Chnax(0), the network iss-individualistic.
Neighbor | Influence Activity Optimal Proof: For any 600 < 6§ < 1, Let K* = L(SKJ
(Jl) factférz(pj) 'evg'G(?j) ’g' It is possible to fixC' such thatC' > C WS for atleast
> 11 0.43 500 K* neighbors. The value of' depends onK i.e., oné.
3 0.4 11 0 SlnceC’ is a decreasing function of;, V j from (27), for
g %:g 8:‘7& 8 C > Chax(0) = C, z7 = 0 atleast forK> neighbors, i.e., the
network isd-individualistic. ]

It is observed that an individualistic network does not rep-
is observed that the most influential neighbor (the neighbgisent a good network from a social point of view because for

with the highestp;) is over-loaded due to the collaboratiory staple social network, users should be willing to collaber
with the user of interest. Additional numerical examples Wgith one another [25]. Users collaborating with each other
tried also yielded similar results. This is because, from thjie|ds benefits in the form of the profit a user can obtain by
definition of U; in (17) (withU; defined in (16)), it is observed |eyying a price for each collaboration. However, as obsgrve
that if C' — 0, ;- U; is maximized when’, = 1, where from Theorem 4.2, a large price levied on neighbors could
j' = argmax U, Wh'Ch typically is the user with largest. prevent a user from obtaining a profit because neighbors will
Also, in order to avoid a user to depend only on collaboratiofot collaborate. Therefore, the coétlevied on users must be
we impose a constraint that the maximum strength for whiginaller. From Table | it was observed that very small values
users collaboratelV;arget = Niarget/2. The value ofNiaget  of C result in users depending entirely on collaboratidoes
can be fixed to any desired value in general. Here we sh@Mére then exist a lower threshol@i. (¢) on C below which,

the results fotViarge: = Niarget/2- This is done to ensure thatthe network tends to becomecollaborative (as defined in
users expend at least as much personal effort as the amouréfinition 4.5)V ¢, 0 < ¢ < 1.? The decreasing nature of
effort they expect from others for their personal growthisTh; with respect toC' also yields the following theorem and
does not affect the analysis a$ is obtained by solving (25) corollary which answers the question mentioned above.

With Niarger replaced byNtargct Theorem 4.3:3 C\yin, such thatv C < Chin, the network
Consider the case when the other parameters remain idebicomes collaborative.
cal to those shown in Table |, bat = 200. In this case it was Proof: From (27),z} is a decreasing function of'.

found thatx =0, V j. This is because the high value of therherefore, as’” decreasesqg increases and for som@ =
cost, C, causesU to become negativey j. Intuitively, this ¢, | rF >0,V jandS = ZK_l x¥ = 1. For C < Cuin,
means that if users incur a high cost for collaborating withisers collaborate with all their neighbors. i.e., the nekwo
their neighbors, then users tend not to collaborate andttenthecomes collaborative. m
grow individually, i.e., network tends to be individualcstThis Corollary 4.2: V¢, 0 < € < 1, 3 Cpin(e€), such that for
then raises the following questiols, there an upper threshold, ¢ « Chin(€), the network ise-collaborative.

Cmax(6), on C' such that for costs larger thafi'i..(d) the Proof: The proof is identical to the proof provided for
network is é-individualistic for anyd, 0 < 6 < 1? The Corollary 4.1. -
following theorem and corollary provides the answer to thigheorems 4.2 and 4.3 yield the following theorem.
question Theorem 4.4:f Chin < C < Chax, then the optimization

Theorem 4.2:Let problem in (21) subject to the constraints, (22) will always

aal 1 /11 AT have a feasible solution.
o & S )in(Z (26)
O )\ N p ’ Proof: The proof follows from Theorems 4.2 and 4.8

, Definition 4.6: For anye andJ, 0 < ¢,6 < 1, the network
where[a]* = max(0, a) and letCrax = max; Cg”. Thenfor s said to behybrid if Coin(€) < C < Conax(6), €., it iS
C > Ciax, the network becomes individualistic, i.e; = 0, neithere-collaborative no-individualistic.

V. _ As a numerical example, we consider a user wWith= 100
Proof: Let C(J) be the value of the cogf] so thatl' =0. ne|ghbors/\ = 0.89, p= 0.01 and generate values Qg and
From (25), C(J) is obtained as specified in (26) by applylng\J uniformly distributed in(0, 10) and (0, 100), respectively.



We vary C and compute the percentage of collaborativehereas minimum collaboration takes place with jhe 274

neighbors (i.e., percentage of neighbors with> 0 which is  neighbor.

th_e fraction of the ne|ghb9rs for whiek; = 0 scaled by 100). V. ADDITIONAL APPLICATIONS

Fig. 5 presents the variation in the percentage of collalvera ) ) ] ]

neighbors with respect to the cost, We fix ¢ = 0.85 and 'I_'he analysis pres_ented in _Sectlons _II a_nd IV find (but not

§ = 0.1. It is observed that foIC' < Chin(e) ~ 13, the limited to) the following additional applications.

network is e-collaborative Similarly, forC' > Cpax(6) ~ 40 « Growth of Organizations: Consider an organization

the network iss-individualistic. FOrCpin(€) < C' < Crax(9), started by a group ofVy number of people. Let new

the network is hybrid. For this example, the network is recruits join the organization and rate, and existing

individualistic for C > Ciax ~ 50 and collaborative for employees leave the organization at rate;The joining

C < Cpin ~ 10. and leaving of new employees represent a birth-death
processes in an online social network (OSN) group. The
analysis presented in Section Il can therefore be applied

to determine the mean time taken for an organization to
grow to a desired strengthy*. Depending on\ and

i, the organization could choose to grow by directly
advertising itself or by referrals from existing employees
or clients. The analysis in Section IV can be used to
determine when the organization would prefer direct
advertisements and when it would prefer to grow by
referrals.

« Defense:Consider two armiesd and B attacking each
other at rates)\4 and \p, respectively from each unit
of attacking equipment. LepgA) and pr) represent
the probabilities of successful attacks from each unit of
equipment from the armiegl and B, respectively. If
R4 and Rp represent the rates at which resources are
replenished in armies!t and B, respectively, then, the
population of defense resources (i.e., defense personnel
It is observed that the optimal; (and hence, the optimal or equipments) in army4 can be viewed as a birth-

n}) depend on the relative values pf, \; of all the users. death process with birth rat&, and death rate\zp.>.

Therefore, one cannot conclude that maximum collaboration  similarly, the population of defense resources in army,

takes place with the neighbor with the largest influenceofact B, is a birth-death process with birth ratez and death

(i.e., highestp;) nor will minimum number collaboration take rate, \ap$™®). The analysis on the decay of population

place with the neighbor with lowest influence factor (leagt

e Wi - - described in Section Il can be applied to determine the
Il for the scenario when a user h& = 10 neighbors,p =

) other to a specified population of defense resources. The
0.0L, A=A = 0_-89’ V' j, Niarger = 500, I.e., Ntargct:_%o analysis also provides a measure of the rates at which
and C' = 9.98. It is observed from Table Il, that maximum  attacks or replenishment of resources or improvements
in precisions of attacks must be made. If multiple armies
decide to become each others’ allies, then the analysis
described in Section IV can be used to determine the
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Fig. 5. Behavior of the users in the network with respect ® ¢bst,C.

TABLE I
THE OPTIMAL NUMBER 1 WHEN A USER HASK = 10, p = 0.01,
A= X; =0.89,V j NEIGHBORS, f(p;) = pj AND THE COST, C' = 9.98.

Neighbor | Influence | Optimal amount of ammunition or resources an army can borrow
(4) factor (p;) n; from its allies. Theorems 4.3 and 4.2 and Corollaries 4.1
; 0135 288 and 4.2 can be applied to determine the scenarios when
3 133 34 armies would tend to form allies and when they would
4 21 18 operate independently.
g 7298 % « Fund ManagementConsider the funds available in the
7 61 48 treasury of an organization. Larger amount of existing
8 0.021 11 funds yield larger interests and indicates larger inter-
190 %f‘ls gg ests in investment in an organization. This then implies

that the arrival rate of funds into the treasury of an
organization is state-dependent. Similarly, larger anhoun

collaborations take place with the = 7" neighbor, where
as the neighbor with the largest influence factorjis= 3.

Similarly 7 = 8 is the neighbor with the least influence factor

of funds represents larger spending capability and the
rate of expenditure is also state-dependent. We can then
apply the analysis in Section Il to determine the time
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taken for the funds to grow to a required level or decay4]
to a specified level and use this to provide a means
for organization to plan their finances in advance. Th[§5
analysis described in Section IV can then be applied
to determine the mutual fund transfer policies between

[16]

multiple firms.
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VII. CONCLUSION

We presented a non-linear optimization model with a co

C, to control the dynamics of user behavior in social networks
The objective function for the optimization problem was
derived using a stochastic analysis. The stochastic asaI)@o]

was validated by verification with data obtained from Twitte

The key findings in this paper include the following.

« Users do not collaborate in a homogeneous network.

« In a heterogeneous network, the user behavior can &

controlled by controlling the paramete&r, The network

exhibits a threshold effect in that there are thresholgs,
on C according to which, the network can be made as

[24]
Less popular users and networks benefit more by collab-
[25]
More popular networks and users benefit more by Ci%-]

collaborative or as individualistic as required.
oration.

laboration for smaller desired strength and by individu
effort for larger desired strength.

tional growth, defense and financial planning. Applicasiar

our analysis to include the maximum referral capacity ofsisd28l
and the parochial nature of users are under investigation. 29]
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