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We estimate the missing round trip time (RTT) measurements in computer networks using
doubly non-negative (DN) matrix completion and compressed sensing. The major contribu-
tions of this paper are the following: (i) an iterative DN matrix completion that minimizes
the mean square estimation error; (ii) mathematical conditions for the convergence of the
algorithm; (iii) systematic and detailed experimental comparison of DN matrix completion
and compressed sensing for estimating missing RTT estimation in computer networks. To
our knowledge, this is the first work that compares the pros and cons of compressed sensing
and DN matrix completion for RTT estimation using actual Internet measurement data.
Results indicate that compressed sensing provides better estimation in networks with spo-
radic missing values while DN completion of matrices is more suitable for estimation in net-
works which miss blocks of measurements. Our proposed DN matrix completion method is

one of the first approaches to matrix completion, that minimizes the estimation error.

© 2011 Elsevier B.V. All rights reserved.

1. Introduction

The performance of communication networks largely
depends on the instantaneous or the long-term statistical
measurements of certain network parameters, e.g., pack-
et-loss [1], end-to-end delay [2], etc. The measured net-
work parameters are used to enable efficient network
management. In computer networks, an important network
parameter is the end-to-end delay (often measured in
terms of round trip time (RTT)) between different nodes
in the network. The RTTs, in turn, are used to support differ-
ent network engineering tasks such as traffic engineering,
capacity planning, and support for quality-of-service (QoS).

In many practical scenarios, it may not be possible to
obtain the measurements related to some pairs of nodes.
For instance, in computer networks, the RTT is measured
using Traceroute [3] and ping [4], by sending probing pack-
ets from a source node to a destination node. Internet
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control message protocol (ICMP) packets are used to mea-
sure the RTT between the source and the destination
nodes. In practice, many routers and servers block ICMP
packets for security reasons. Alternatively, congestions in
the routes between nodes could result in packet loss. These
make network measurements inaccessible to a large
number of intermediate nodes. Fig. 1 shows examples of
incomplete RTT measurements when using traceroute
between Planet-lab [5] nodes aladdin.planetlab.
extranet.uni-passau.de and planetlab3.ie.cuhk.
edu.hk. The information enclosed in the rectangle in
Fig. 1a and b corresponds to the missing measurements
due to traceroute being blocked as a security measure
and due to route congestion between the nodes,
respectively.

Estimation of end-to-end delay between a single source
destination pair using past samples was studied in [2].
End-to-end delay prediction using a multiple-model ap-
proach was introduced in [1]. Data recovery for patterned
data set has been studied in signal processing [6]. Com-
pressed sensing (also known as compressive sampling), is
a new theory developed in recent years. Here, signals can
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1 aladdin planetlab.extranet.uni-passau.de §/2/2008 18:08 c3560.planetlab.extranet.uni-passau.de 195.37.16.102 1.656 1.777 1.803
2 aladdin planetiab.extranet.uni-passau.de 8/2/2008 18:08 xr-reg; -2.x-win.dfn.de 188.1.36.161 10.58 10.649 10.729

3 aladdin.planetiab extranet.uni-passau.de 8/2/2008 18:08 xr-garl-te2-1.x-win.dfn.de 188.1.145.74 12.315 12,389 12.45

4 aladdin planetiab.extranet.uni-passau.de 8/2/2008 18:08 zr-fral-te0-7-0-1.x-win.dfn.de 188.1.145.53 20.018 20.072 19.903

5 aladdin.planet/ab.extranet.uni-passau.de 8/2/2008 18:08 dfn.rt1.fra.de.geant2.net 62.40.124.33 19.704 19.782 19.599
6 aladdin planetiab.extranet.uni-passau.de 8/2/2008 18:08 abilene-wash-gw.rtl.fra.de.geant2.net 62.40.125.18 123.612 123.569
123525

rnet2.edu 64.57.28.12 140.057 140.143 140.17

11 aladdin.planetlab.extranet.uni-passau.de 8/2/2008 18 DB cuhk1-GE hkm net 202.40.161.50 345.40 3345 26 315 257

12 aladdin planetiab.extranet.uni-passau.de 8/2/2008 18:08 csc0g02brb.net.cuhk.edu.hk 137.189.192.251 345.297 345,134 345.486
13 aladdin planetiab.extranet.uni-passau.de 8/2/2008 18:08 router993-3.je.cuhk.edu.hk 137.189.99.243346.048345.897346.21

14 aladdin planetiab.extranet.uni-passau.de 8/2/2008 18:08 planetiab3.ie.cuhk.edu.hk 137.189.98.30346.057345.894345.721

(a) Due to security settings at intermediate node

1 aladdin.planetiab.extranet.uni-passau.de 8/2/2008 18:00 c3560.planetlab.extranet.uni-passau.de 195.37.16.102 1.007 0.993 1.244
2 aladdin.planetiab.extranet.uni-passau.de B/2/2008 18:00 xhreg]-ged-2.x-win.din.de 186.1,36.161 10,532 10,587 10.388

i passau de 8/2/2008 18:00 ur-gar]-102- 1x-win.din.de 185.1.145.74 12159 12.227 12.267

passau.de 8/2/2008 18:00 R-fral-1e0-7-0-1x-win_dfnde 188.1.145.53 23,303 23,142 22,952

passau.de B/2/2008 18:00 dFn.1t1.ira.de.geant2.nel 62.40.124.33 22.743 22,547 22.355

6 aladdin.planetlab.extranet.uni-passau.de 8/2/2008 18:00 aBilenc-wash-gw.rl ira.de geantZ.net 62.90.125.18 123.567 124.631 124,483

7 aladdin.planetiab.extr passau. de B/2/2008 18:00 50-0-0-0.0.1r.newy.neLinternet 2.edy 64.57.28.10 128,775 128.657 128.718

& aladdin.planetiab.extranet.uni-passau.de 6/2/2008 18:00 nOX300gw1-VI-110-NOX- INTERNE T2.n0w.org 192.5.89.221 134.301 134,123 133.966

9 aladdin.planetlab.extranet.uni-passau.de B/2/2008 18:00 nOK300gw1-PEER-NOX-UMASS-192-5-89- 102.nox.org 192.5.89.102 136.287 136.138 136.7
10 aladdin.planetlab.extranet. de £/2/2008 18:00 lgre-rt-106-5 do 1201152193 136351 1367 136213

11 aladelin planetlab. exisanet uni-passau.de §/2/2008 18:00128.119.3 153 128.119.3.153 137.51 138345 138.1

T3 aladdin planelab. extranet uni-passau.de /23008 1800 * ©

13 aladdin.planetlab.extranet.uni-passau.de 8/2/2008 18:00* * * *

14 aladdin planetlab.extranet.uni-passau.de 8/2/2008 18:00

15 aladdin planetlab.extranet.uni-passau.de 8/2/2008 18:00

L6 il sk s ko 8/2/2008 18:00
eLuni-passay

182 u.
19 aladdin.planetiab.extranet.uni-passau.de 8/2/2008 18:00* * * *
20 aladdin planetlab.extranet.uni-passau.de 8/2/2008 1800 * * * *

(b) Due to route congestion

Fig. 1. Results of the traceroute between Planet-Lab nodes aladdin.planetlab.extranet.uni-passau.de and planetlab3.ie.cuhk.edu.hk. Missing

values correspond to the information enclosed by the rectangle.

be sampled at a rate, significantly less than the Nyquist
rate (given by the Nyquist-Shannon Theorem [7,8]), and
yet be faithfully recovered [9-13]. Compressed sensing ap-
plies ortho-normal sparse representation (using linear
transforms like Karhunen-Loeve transform (KLT), discrete
Fourier transform (DFT), discrete cosine transform (DCT),
etc. [14]), and incoherence measurements of signals, to ob-
tain maximum information using minimum amount of
measurements. Detailed information on compressed sens-
ing can be found in [15,16]. Spatio-temporal compressive
sensing framework was proposed to estimate the Internet
traffic matrix [17], where the authors apply sparsity regu-
larized matrix factorization to exploit the low-rank nature
of traffic matrices and their spatio-temporal properties.

For a network with N nodes, the measurement corre-
sponding to each pair of nodes can be represented as an
element in an N x N matrix. The missing information be-
tween some pairs of nodes leads to a partially complete
measurement matrix. As an example, consider the network
shown in Fig. 2. The RTT measurements are available be-
tween all pairs of nodes in the sets, S; = {A,B,C,D} and
S, = {D,E,F}. This is represented as a solid line in Fig. 2.
The RTT measurements between the pairs in the set
Ss = {(AE), (A,F), (B,E), (B,F), (C,E),(C,F)} are missing
(represented as the dashed lines in Fig. 2). Let r; denote
the RTT between nodes i and j in a network. The RTT matrix
corresponding to the network shown in Fig. 2, R, can then
be written as

0 1 tac Twp 7 7
rga 0 rgc rmpp 77
ta T 0 10 7 7

R fpa Tog Toc O Ipe Tprl|’ M
? ? ? TED 0 T'Er
? ? ? I'ep TEe 0
where ? represents a missing RTT measurement. Recover-
ing the missing information is essentially the completion
of the matrix, from the available measurements.
Completion of matrices with specific properties is an-
other area actively researched (e.g., [18-21]). Here, a par-
tially complete matrix with certain property, P, is
considered. Then techniques are developed to complete
the matrix while retaining the property, P. The property,
P, could be positive definiteness, negative definiteness,
double non-negativity, double negativity, M-matrix

B

RTT available

————— RTT missing

Fig. 2. A network with 6 nodes, with missing RTT measurements between
some pairs of nodes.

property, etc. [22]. Completion of symmetric inverse M-
matrices was discussed in [18]. Doubly non-negative
(DN) matrix completion was studied in [19,20], in which
the authors discussed the conditions under which a partial
DN matrix can have a DN completion. The list of properties
for which the matrix completion problem has been solved
can be found in [21]. Although the current literature dis-
cusses mechanisms for DN matrix completion (e.g., [20]),
the provided solutions are not unique and are not opti-
mized to minimize the estimation error. The available
solutions could then result in large estimation errors, when
directly applied to estimating missing measurements in
communication networks. Therefore it is of interest to ex-
plore DN matrix completion techniques that not only pro-
vide an estimate of the missing measurements, but also
minimizes the estimation error.

The major contributions of this paper are the following:
(i) an iterative DN matrix completion that minimizes the
mean square estimation error; (ii) mathematical conditions
for the convergence of the algorithm; (iii) systematic and
detailed experimental comparison of DN matrix comple-
tion and compressed sensing for estimating missing RTT
estimation in computer networks. To our knowledge, this
is the first work that compares the pros and cons of com-
pressed sensing and DN matrix completion for RTT estima-
tion using actual Internet measurement data. The proposed
method minimizes the Frobenius norm [22] of the estima-
tion error. We describe and prove the sufficient conditions

ing, Comput. Netw. (2011), doi:10.1016/j.comnet.2011.07.003
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under which the iterations in the proposed method con-
verge. This is one of the first attempts to iterative DN matrix
completion that enables estimation of missing measurements
with minimum error. We also describe the application of
compressed sensing, using DCT and singular vector thres-
holding (SVT) [23] to minimize the L;-norm [22] of the
coefficient sequences, to estimate the missing RTT mea-
surements. The performance of the proposed DN matrix
completion method is compared with that of compressed
sensing and the unbiased estimator [24]. Results indicate
that while compressed sensing enables better estimation
in networks with sporadic missing measurements, the pro-
posed DN matrix completion provides better estimation in
networks in which blocks of RTT measurements are miss-
ing. It is also observed that the proposed iterative DN ma-
trix completion based estimation results in less error
when compared to the unbiased estimator.

The proposed techniques for estimation of missing RTT
measurements can also be applied to estimate the missing
measurements in other types of networks. Examples of
such applications include:

1. Channel state information (CSI) in wireless networks: In
wireless networks, the CSI matrix contains the channel
gains between all the transmit-receive pairs in the net-
work. Due to the physical location of some nodes, it
may not be possible to obtain the CSI measurements
between these nodes and a set of other nodes in the
network. Thus, the CSI matrix is partially complete.
The missing values in the partially complete CSI matrix
can be estimated using the techniques discussed in this
paper. The estimated CSI information can in turn be
used in efficient power control, rate control and other
resource management mechanisms.

2. Link state information (LSI) in high speed networks: In high
speed communication networks, the available band-
width on each link depends on the traffic conditions on
the links. Measurement of available bandwidth between
certain links may not be available when the links are con-
gested. Techniques discussed in this paper can then be
applied to estimate the missing values in the LSI matrix.
The estimated missing LSI values can then be used in
optimal flow and congestion control algorithms.

The remainder of the paper is organized as follows.
Section 2 presents the approaches of recovering missing
entries of the RTT matrix using DN matrix completion
and compressed sensing. The experimental results are pro-
vided in Section 3 and conclusions are drawn in Section 4.

2. Estimation of missing RTT measurements

Consider a computer network with N nodes, in which
round trip time (RTT) measurements are made between
all pairs of nodes. We use traceroute to collect the RTT mea-
surements between a set of Planet-Lab [5] nodes. As men-
tioned in Section 1, security settings and route congestion
could result in the lack of availability of the RTT measure-
ments between some pairs of nodes. It is of interest to esti-
mate the missing RTT values from those that are available.

Here, we study DN matrix completion (Section 2.1) and
compressed sensing (Section 2.2) to estimate the missing
measurements.

2.1. Estimation using DN matrix completion

It was illustrated in Section 1, that the RTT measure-
ments between pairs of nodes in a computer network can
be represented as the elements of a matrix. When a node
is unreachable from a set of other nodes, the RTT measure-
ments between these nodes are unavailable. As an example,
in the network shown in Fig. 2, the RTT measurements be-
tween the node-pairs, e.g., (A,E), (A,F), (B,E), (B,F), (C,E) and
(C,F) are unavailable. This corresponds to a block of missing
entries in the RTT matrix, as seen in (1). The matrix in (1) is
called a partially complete matrix [21]. Estimating the miss-
ing RTT values is equivalent to completing the partially
complete matrix, using the values that are available.

As discussed in Section 1, techniques on matrix comple-
tion depend on the property, P, of the matrix, which is to
be preserved. Here, we study completion of doubly non-
negative (DN) matrices [20].! Note that although the ma-
trix, R, is non-negative, it may not be a DN matrix (i.e.,
may not satisfy Definition 1) because it may not be positive
semi-definite. Since the RTT from any node to itself is zero,
RTT; =0, Vi. We form a new DN RTT matrix, ﬁ, by adding
suitably large values to the diagonal elements of R and keep-
ing the off-diagonal entries of R to be the same as those of R.
Later in Theorem 2.1, we show that the estimated RTTs are
independent of values added to the diagonal of R, to form
the matrix, R. Lemma 2 provides a means of creating a DN
matrix, R, from a non-negative matrix, R. We then create
R from R as suggested by Lemma 2, so that R is DN. We
choose A > RTTy;, Vi, j, i #].

The N x N RTT matrix, R = [RTTj]i<i<n, can be repre-

1<<N

sented as an un-directed graph G(V,E) [25], where the set
of vertices, V={1,2,...,N} and, Vi # j, is an edge between
vertices i and j, if RTTj; is known. For example, the RTT ma-
trix in (1) for the 6-node network shown in Fig. 2, can be
represented as the graph shown in Fig. 3. As observed from
Fig. 3, the graph, G(V,E), representing the partially com-
plete RTT matrix, is not a complete graph (i.e., not all edges
of the graph are present). DN matrix completion was stud-
ied in [19,20], in which it was shown that a partially com-
plete DN matrix has a DN completion if and only if the
corresponding graph, G(V,E) is a block clique. In other
words, the graph, G(V,E) should be composed of maximally
complete sub-graphs (also called cliques [25]), such that
each pair of complete sub-graphs share at most one com-
mon vertex. The graph, G(V,E) (shown in Fig. 3), that corre-
sponds to the partially complete RTT matrix in (1), is a
block clique, consisting of two cliques, {A,B,C,D} and
{D,E,F}, sharing a common vertex, D. This corresponds to
a scenario when node D in Fig. 3 blocks network measure-
ments from nodes A, B and C to nodes E and F. In practice,
this may occur at hosts that block ICMP and other mea-
surement packets.

1 The definitions of the mathematical terms are provided in Appendix A.
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Please cite this article in press as: Z. Dong et al., Estimation of missing RTTs in computer networks: Matrix completion vs compressed sens-



http://dx.doi.org/10.1016/j.comnet.2011.07.003

4 Z. Dong et al./ Computer Networks xxx (2011) xXx—xXx

B

Fig. 3. Graph representation of the partially complete RTT matrix in (1).

In general, in a network with N = m + n nodes, the graph
G(V,E) corresponding to the partially specified
(m +n) x (m+n) DN matrix, R, is a block clique if R is of
the form

A ¢ X
R=|c @ d]|, (2)
X' d B

where the (m — 1) x (m — 1) matrix, A, the n x n matrix, B,
the (m — 1) x 1 vector, ¢, the n x 1 vector, d and the scalar,
Q, are known and the (m — 1) x n matrix, X represents the
unknown RTT values. In order to understand the physical
significance of the matrix specified in (2), consider the
set of nodes, V, to be of size, N=(m +n), i.e,, let there be
N=m+n nodes in the network. The set, V is partitioned
into two disjoint subsets, K (of m nodes) and U (of n nodes),
such that K|J U = V. The matrix in (2) then physically cor-
responds to a scenario satisfying all of the following
conditions:

e v € K, such that the RTTs between all the nodes in
K' 2 K\{v} and the node, v are known (as specified by
the elements of the vector, ¢) and the RTTs between
all the nodes in U and the node, v, are known (as speci-
fied by the elements of the vector, d).

e RTTs between all the nodes in K’ are known (as specified
by the off-diagonal elements of the sub-matrix, A),

e RTTs between all the nodes in U are known (as specified
by the off-diagonal elements of the sub-matrix, B),

e The (m — 1) x n matrix, X with the unknown entries
represent the RTT values between the nodes in K’ and
those in U.

For any general scenario, the graph, G(V,E) with
V={1,2,3,...,(m+n)} that represents the partial matrix,
R, is a block clique, if it is possible to index the nodes such
that v=m, K={1,2,3,...,(m—-1)} and U={(m+1),

(m+2),...,(m+n)} and the conditions mentioned above
are satisfied.

In [20], it was shown that X = cd” provides a DN com-
pletion of R. However, this is not a unique solution. More-
over, the completion, X = c¢d” in [20], was not obtained as a
solution to an optimization problem that minimizes the er-
ror. Therefore, when applied to the RTT matrix completion
in computer networks, the solution, X =cd” in [20] could
result in large errors in estimation. We therefore propose
an alternate solution to DN completion of the partially
complete RTT matrix, R, by scaling the solution, X = ed”.
We introduce two non-negative vectors a and g and use
them in accordance with Lemmas 3 and 4 and the follow-
ing theorem, to form a DN completion for R.

Theorem 2.1.Let a=[a; oy --- oy and p=
(B1 B B.] be two non-negative vectors. Let
D, £ diag(oy, 00z, ..., 0m_1) and Dy = diag(By, Ba,. .., Bn). Let
a;; represent an element in the matrix, A and by; represent
an element of the matrix, B in (2). If R is obtained from R by
choosing A > ay,by Vi # j, then X = Dyed'D; provides a DN
completion of R.

Proof. It can be easily observed that X = chdTD/; results in
non-negative entries. Therefore, to complete the proof, it is
sufficient to show that the resulting completed matrix is
positive semi-definite. We use Definition 1 to describe
the proof, which is by induction, first on m and then on
n. Let Ry, denote the (m+n)x (m+n) matrix and let
A, 1, €1, dy, X1, and B, denote the corresponding
sub-matrices in (2). Let m=2 and n=1, i.e, m+n=3 and
ﬁ21 is a 3 x 3 matrix of the form

A ¢ x
ﬁz] =|c A d s (3)
x d A

where c and d are known scalars and x is the unknown sca-
lar to be estimated. If x = «cdp, then, the leading principal
minors of Ry, are A>0, A2 - ¢%>0 (since A > ¢) and by
applying Lemmas 3 and 4, det(ﬁ21) = A[A®—2-
d* — (acdB)?] + 20(cd)*B > 0 (since A > c,d). Let, the state-
ment in the theorem hold for 1T<m<m -1 and n=1.
Considerm=mandn=1, i.e,
Ap1 Cior X
ﬁml = CTm4 A d
d A

T
Xin_1

; (4)

where X, ; is the unknown vector or length, m — 1. By the
induction hypothesis and the DN property of the known
entries of ﬁ,m, all other leading principal minors of ﬁm,
except det(ﬁml) itself, are positive. Applying Lemmas 3
and 4,

= Ap1 Cha
det(R,m)_detqch A Ddet(S), (5)
where
At Ci1]  [Xaa
—A—[xT 6
S=a- [ dJ[ch Ny ©

ing, Comput. Netw. (2011), doi:10.1016/j.comnet.2011.07.003
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ie.,

det(Ry) = det(Am_l)[A(A—c;,lA,;’,]cm_l)

—dzﬁ( DA\ D,cp 1)
—d2< —D,c’ ]Afgcm,])] >0, (7)

if A is much larger than all the entries in the matrix. Thus,
ﬁm is DN. The induction proof on n is completed on similar
lines. O

It is observed from Theorem 2.1, that the estimated X is
independent of the values in A, B and the scalar, ©, and
hence, independent of the value of A added to the diagonal
elements of R to form a DN matrix, R. It now becomes
essential to determine the a and g which not only provides
a DN completion of R, but also minimizes the error in esti-
mation of the unknown RTTs. Here, we minimize the mean
square error (MSE). Let X = [xu]1<,<m 1 denote the

(m — 1) x n matrix with the exact values "of the RTTs be-
tween the nodes in the set, K and those in the set, U, i.e.,
the exact values of the missing RTT measurements. The
mean square error is then defined as

e=E[(X-X)? [ZZx,, Xij) } (8)
i=1 j=1

The definition of Frobenius norm of matrices (Definition 3)
can be used to formulate the MSE minimization as the fol-
lowing optimization problem.

min E(|X — Dcd Dy ||2). (9)
a,
Applying Definition 3 (i.e., (44)),

(||x DchDﬁHF)_ Eltr(X"X)] — 2E[tr(X"D,cd"D;)]

+ E[tr(D,dc'D2cd'Dy)]
m-1 n m-1 n
Z ( 5) -2 Z Z aiCif;d;E (Xij)
Pl i1 =1
S wey (ﬁd) (10)
i=1 Jj=

Minimizing E(Hf( - D“chD,gH%) in (10) with respect to a
and g, we obtain

i1 BGER;)

=S 12, m— 1 (11)
UYL
and

an;l OC,‘C,‘E[)A(U] .
dj==cl T 51,20 12
Py (i) (12

We solve (11) and (12), iteratively to obtain the vectors, a
and B. Note that the optimum values of « and a depend on
the means, E[%;].* Although E[%;] is known, the unbiased
estimator, x; = E[X;] results in larger MSE as will be seen
in Section 3. We observed from the experimental data, that

2 Estimation of any unknown parameter requires some knowledge about
the statistics of the parameter [26]. Here we consider the first moment or
the mean, E[X;].

the iterations in (11) and (12) to obtain the vectors, & and B,
converge quickly. We provide a sufficient condition for the
convergence of the iterations specified by (11) and (12). In
order to do this we apply the well known result from matrix
theory described in Lemma 5.

Let o EoCy, ﬁj*é/ijdj, wslog oy - o] B2
B B - ) and E(X)2E;]icicm 1. Then, (11) and
1<j<n

(12) can be re-written as

T ()
o

p B 14
o]

The following theorem provides a sufficient condition for
the convergence of the system of equations specified by
(11) and (12).

Theorem 2.2. Let Ayq and Ap;, be the largest and the
smallest eigen values, respectively, of the matrix,
ZAEX)(EX))T and let w2 4nec| Then, the system of equa-
tions specified by (11) and (]Zrm)n converge if 0 < w < 2.

Proof. From (13) and (14), we have

. _ EX)(EX)o I5
o (1871 (1)

Therefore, if x*£ H; s

w:aqu@r7 (16)
Joe* 118

from which

lloe I711B°11> = IECX) (E(X))"x]. (17)

Let (a*)¥) be the vector, o*, obtained at the end of J itera-
tions. Then, (15) can be written as

e _ EXEX) @) z(@)”
() - 2y px 12 - D2y pnDy2” (18)
lloes I 11B° [[Ca) 118 ™l
Let (x)V2 “Ezjijﬁ“. Then, ||(x*)’|| = 1, VJ and (18) becomes
«\()

(o) = 2O (19
[l (o) CBT) I

Combining (17) and (19),
Z((Z*)U)

(@) =220 (20)
[Z(e)?|

Let A2, and A%, be the largest and smallest singular

values, respectively, of Z, or A,.x and Ay, are the largest
and smallest eigen values of Z = E()A()(E()A()T. Then, Vy, such
that ||y||=1, Amin < |12y|| < Amax [22]. Using this and
Lemma 5 for (o*)’ > 0 in (20),

()Y = (@) <

—wu 1)

mm

From the above, if 0 < w2 Amux <2,
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lim | (o o)V — (@) =0, (22)

and hence, the set of iterations specified by (11) and (12),
converge. O
Ifn>m, EA( Y(E(X))" is singular. In this case we define

(X
Z= (E( )TE(X) and prove Theorem 2.2 by considering

(EX)EX)p
EXHIGER

The ratio, w =4m js called the condition number of
Z= E(X)(E(X))T, which, for a well-conditioned system is
less than 2 [22]. Theorem 2.2 then implies that the system
of iterations specified in (11) and (12), converge for well-
conditioned systems. The condition mentioned in Theorem
2.2 is only sufficient but not necessary.

An alternative modification to the DN completion pro-
posed in [20] is having o; = «, Vi and f; = 8, Vj in Theorem
2.1. Then each element in X, x;;, is estimated as

Xij = &C,‘dj, (24)

B = (23)

where & = of. The value of & that minimizes the MSE can
then be obtained by replacing «; and f; by « and , respec-
tively, in (10). Thus,
oY ERylcid;
()" (d)?
It is observed from (25) that & can be obtained without
having to perform any iterations. Thus, the estimation pro-
vided in (24) is computationally simpler, but could result
in larger estimation error because it is only a special case
of Theorem 2.1. The special case, «;=f;=1, Vi, j, corre-
sponds to the DN completion, X = cd” proposed in [20].

The proposed iterative DN matrix completion method
can be applied to estimate the missing RTT values only
when the corresponding graph representation of the par-
tially complete RTT matrix is a block clique. This can hap-
pen only if the partially complete RTT matrix exhibits a
structure shown in (2). However, the graph representation
of the partially complete RTT matrix does not always form
a block clique.

5= (25)

Remark 1. In cases when the graph representation of the
partially complete RTT matrix does not form a block clique,
sub-matrices that form a block clique are considered. As an
example, consider the 5 x 5 matrix shown below.

a1 a7 7 a5

yn ap a3 7?7 7

A= |7 a3 a3 ag 7 |. (26)
77 Qg3 Qg4 Qg5

as; 7?7  Qsq4 dss

The graph representation of the above matrix is not a block
clique. Consider the sub-matrix,

apn a7
A= |ay ap axp|, (27)

? a3 033

whose graph representation forms a block clique. DN com-
pletion can now be applied to estimate the missing entry

corresponding to a;s. Let the estimated value be a,3. Then
consider the sub-matrix,

(33 Q34 7
Ay = |Qu3 Qa Qg5 |, (28)
? Q54 Qss

whose graph representation is also a block clique. DN com-
pletion can be used to estimate dss(= ds3). This yields the
partially complete matrix,

Q1 Gz G137 ais

(1 Gy Oy 7 7

A= |a3 a3 a3 a3 dss . (29)
77 Q43 0G4a Qg5

sy 7 Qs3 G54 Gss

Now, the entries a,5 and as; are removed from the matrix
and treated as missing entries, so as to yield the incom-
plete matrix,

ap 4 a3 7 7?

R Gy1 Gy Gy 7 7

A= a3 ap as iy s |, (30)
? 7 Q43 Qa4 Qg5
? 7 {53 Qs4 GOss

whose graph representation forms a block clique. DN com-
pletion can now be applied to complete the matrix, A. The
actual value of a;5 is used instead of E[a;5]. In some scenar-
ios, the missing measurements could occur at random
positions in the RTT matrix. In the following subsection,
we discuss compressed sensing approach, as an alternative
method to complete such matrices.

2.2. Estimation using compressed sensing

The key ideas behind compressed sensing are [11] (i)
sparse representation through an informed choice of
ortho-normal basis for the studied signal and (ii) incoher-
ence measurements of signal to extract maximum amount
of information using minimum amount of measurements.
A sparse representation of the signal can be obtained only
if the signal exhibits high spectral magnitudes at low fre-
quencies and low spectral magnitudes at high frequencies.

We collect RTT measurements from Planet-lab (detailed
description of the experiment set up is provided in Section
3.1). Fig. 4a shows a map representation of the obtained
RTT measurements for 28 nodes in US East region. The dark
regions in the map indicate values close to 0 ms, the bright
regions indicates the largest values in the measured set
(around 70 ms). The corresponding correlation coefficients
of the RTT measurements are shown in Fig. 4b. Let R; be
the measured RTT between nodes i and j. As observed from
Fig. 4a and b, the correlation co-efficient between R; and
Ry is large, for sufficiently large values of |i — i| and |j' — j|.
This is because, in a computer network, routing algorithms
construct optimal paths from a source to different destina-
tion nodes. We observed that the path a packet take from a
source to different destinations share some common links
inside the local area network because of the steady local
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Fig. 4. Properties of the RTT measurements from 28 Planet-lab nodes.
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area network configuration. Some packets may take similar and low relative magnitudes at high frequencies, as re-
paths when they traverse in the core network from one quired to have a sparse representation.’
geographical region to another, thus resulting in high cor- In compressed sensing, a signal, f ¢ R" can be recov-
relation among the RTT measurements. The spectral prop- ered from about MlogN generic nonadaptive measure-
erties of the RTT measurements determined using the two
dimensional discrete cosine transform (2D-DCT, described
later in (38)) are presented in Fig. 4c. It is observed that the 3 The 2D-DCT satisfies the restricted isometric property (RIP) as shown in

2D-DCT has large relative magnitudes at low frequencies [27].
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ments if it can be represented as a span of an M-dimen-
sional ortho-normal basis, ¥ [13]. Let x = [x;]1<i<m be the
coordinates of the signal f € RN under the ortho-normal
basis, ¥, i.e.,

N
fi=Y % k=1.2,...N,
i=1

where ; represents the element in the ith row and kth
column of ¥. From (31), f = [fi]1<i<y can be re-written as

(32)

where X = [x;]1<x<y and ()" represents the Hermitian of a
matrix or a vector. Therefore,

X = Yf.

31)

f = yHx,

(33)

According to the relation specified in (32) and (33), x is
called the transform of f and f is called the inverse transform
of x. If the under-sampled data about f, i.e., a subset of
{fi.fo,....fn}, is available, and if y is the transform of the
undersampled version of f, then

y = of. (34)
From (33) and (34),
y— o (35)

where @' = @V Then, f can be recovered from the under-
sampled set by determining x with the minimum L; norm,
that satisfies (35), i.e.,

X = argming||X|l;, (36)

such that x satisfies (35). The vector, f, is then obtained
from (32).

The application of compressed sensing to recover the
missing RTT values in computer networks, is as follows.
The complete RTT matrix, R, plays the role of f. The 2-dimen-
sional transform of R, T, plays the role of x. The transform of
the partially complete RTT matrix, T, plays the role of y. We
use the two-dimensional discrete cosine transform (2-D
DCT), which, for an N x N RTT matrix R, is defined as

T
T = C'RC, 37)
90
O Data from original RTT matrix
80 #  Data recovered by compressed sensing approach|
.
, & . o
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where C = [Cyli<icn, given by

EE i=0 0<i<N-1

\/N7 ,]_ bl \l\ )

! ﬁcos(%), 1<j<N-1, 0<i<N-1.
(38)

The matrix, C plays the role of ¥ in (32)~(35). The trans-
form of the complete RTT matrix, T, is obtained from T as
a solution to

T = argmin-||T|, (39)
such that
T=oTo". (40)

The matrix, @, plays the role of @’ in (35). Singular value
thresholding (SVT) [23] and fixed point continuation with
approximate SVD (FPCA) [28] are applied to the matrix,
T, to obtain T. We apply the algorithms provided in [29]
to perform this operation. The inverse 2D-DCT (IDCT) of
T yields the matrix, R, which contains the estimates of
the missing values in R.

3. Experimental results

This section shows the experimental results of the DN
matrix completion and compressed sensing techniques
(discussed in Sections 2.1 and 2.2, respectively) to retrieve
the missing RTT values in computer networks.

3.1. Experimental setup

We use Planet-Lab [5] for our network delay data
collection. Planet-Lab is a global research network that
supports the development of new network services. It
consists of 1125 nodes at 516 sites around the globe. Most
Planet-Lab participants provide their geographic locations.
Due to the difference of maintenance schedules and other
factors, some Planet-Lab nodes are not accessible at certain
times. Most data collection from South American and Asian
Planet-Lab nodes is incomplete due to blocking from the

150
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Fig. 6. Snap shot of data recovery result by compressed sensing approach.
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intermediate nodes on the path. We collect RTT measure-
ments from 471 Planet-Lab nodes continuously for a week.
We were able to retrieve measurements from 338 nodes.
We selected two RTT matrices with data from US East
(28 nodes), US West (30 nodes) regions and show the re-
sults of CS and DN matrix completion.

We use traceroute as our network delay measurement
tool. The distribution of the selected nodes of our data sets
is shown in Fig. 5. We take traceroute measurements be-
tween each Planet-Lab node pair. We deployed a python
script to run traceroute and collect delay measurements
between each node pair continuously for a week during
November 2010.

To evaluate the estimation error of the DN matrix com-
pletion and compressed sensing. Some entries are removed
from the original RTT matrices. We compare the estimated
values of these entries with their original values to give the
estimation error. The position of the entries removed from
the matrices could be randomly chosen. However, such a
random choice may not always result in a block clique
graph representation. Therefore, DN matrix completion
techniques cannot be applied. For this case, we present
the results of the estimation of the missing RTT measure-
ments, using compressed sensing alone. We randomly re-
move 100 entries from the three RTT matrices. The
compressed sensing technique discussed in Section 2.2 is
then applied to recover these entries. Fig. 6 shows a snap
shot of RTT estimation result by the compressed sensing
approach, where 100 sample points were randomly re-
moved. The relative recovery error for this set is observed
to be 0.122, 0.083 and 0.082 for US East (Fig. 6a) and US
west (Fig. 6b) regions respectively.

In order to evaluate DN completion, a sub-matrix of the
RTT matrix is removed. For this case, we present the results

for the estimation of the missing RTT measurements using
compressed sensing as well as DN matrix completion. The
removed sub-matrix is chosen such that the graph represen-
tation of the partial matrix forms a block clique. This is
achieved by removing an m x n sub-matrix, X, and a corre-
sponding n x m sub-matrix, X, of the RTT matrix, such that
the resulting partially complete matrix has a block structure
as shown in (2). From experiments on 471 Planetlab nodes
on the real internet, we found that for most occasions (al-
most 98%), the missing values did form a block clique with
two cliques because they were caused by congestion and
router failures. For the other 2% occasions, the missing val-
ues are sporadic and compressed sensing may be applied.
Fig. 7 presents the comparison of different techniques to
complete the RTT matrix, with respect to the number of col-
umns in X, (i.e., n) when the number of rows in X (i.e., m) is
fixed. Results are presented for m=1 (Fig. 7a,d), m=12
(Fig. 7b,e) and m = 20 (Fig. 7¢,f) for the three regions. Fig. 8
presents the estimation error with respect to m for n=1
(Fig. 8a,d), n =12 (Fig. 8b,e) and n = 20 (Fig. 8c,f).

In Figs. 7 and 8, the legend, “Iterative DN”, represents
the estimation error when using the DN matrix completion
method proposed in Section 2.1 while applying the itera-
tions specified by (11) and (12). The legend, “Uniform
DN”, represents the estimation error when using the
estimate given by (24) and (25). We also determine the
estimation error when using the unbiased estimator, i.e.,
replacing each missing entry, x;, by E[x;] (labeled “Unbi-
ased Estimator” in Figs. 7 and 8).

The spikes in Figs. 7 and 8 correspond to the cases when
the missing entries include the diagonal elements (which
are equal to A). Since the value of A is much larger com-
pared to the that of the other entries in the RTT matrix
according to Lemma 2, it results in large estimation error.

3.5 3.5 4.5
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Fig. 7. Estimation Error for the RTT matrix when m x n entries are missing. Fig. 7a-c - US East; Fig. 7d-f - US West.
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Fig. 8. Estimation Error for the RTT matrix when m x n entries are missing. Fig. 8a-c — US East; Fig. 8d-f - US West.

Typically, the estimation error is highly dependent on the
experimental data set. For the data set of US East, the iter-
ative DN matrix completion method proposed in Section
2.1 provides less estimation error compared to the other
techniques. Specifically, as mentioned in Section 2.1, the
estimation provided by (24) with & as in (25) is computa-
tionally simpler but results in higher estimation error. An
interesting observation is that the proposed iterative DN
completion method yields less error compared to the unbi-
assed estimator for some cases (e.g., m=20 and n > 15 for
m =12) and larger error than the unbiassed estimator for
some cases (e.g., m=1 and 7<n <15 for m=12). This
indicates that although the means of the missing values
are known, the unbiassed estimator may not always pro-
vide the least estimation error. The unbiassed estimator
does not take into account the relation between the miss-
ing RTT value and the available RTT values, while the iter-
ative DN completion method does. However it is not
possible to conclusively infer that iterative DN completion
yields lesser error than unbiassed estimator or vice versa.
When the amount of missing entries is small as shown in
Figs. 7a,d, Fig. 8a and d. iterative DN, unbiased estimator
and uniform DN show similar estimation errors. When
the number of missing entries increases, the performance
of the three schemes follows similar pattern. However,
the best estimator is highly dependent on the data set. It
shows that iterative DN provides less estimation error for
the US data sets when large number of entries are missing
as shown in Figs. 7, 8¢, Figs. 7 and 8f. Unbiased estimator
shows less estimation error in Fig. 7e.

The reason for this behavior is as follows. The unbiased
estimator estimates the missing RTT values based only on
the past information while the iterative DN completion
method utilizes the past information as well as the
available current information to determine the missing
RTT values. When very few values are missing, the amount

of iterations using the current information is not sufficient
to rectify the error by estimation using only past informa-
tion. However, when a large portion of the RTT values are
missing (which we did observe to occur in our experiments
on planet-lab nodes under scenarios of high congestion), the
iterations in the iterative DN completion method do enable
reduction in the estimation error caused by using only the
past information (i.e., the unbiased estimator).

When medium sized blocks are missing, (7 < m,n < 15),
the iterative DN completion method yields less estimation
error for nodes in the US-East (Figs. 7 and 8b) and the unbi-
ased estimator yields less error for US-West (Figs. 7 and
8e). From the Planet-lab node distribution shown in
Fig. 5, the node distribution in the US-East is denser than
that in the US-West. In other words, the nodes in US-East
are located geographically closer to each other than those
in the US-West. This suggests that the iterative DN comple-
tion results in less error compared to the unbiased estima-
tor when nodes are in closer proximity to each other. Based
on these observations we infer the following:

e Compressed sensing is more effective when the missing
RTT values are sporadic while DN completion is more
effective when missing values occur in blocks.

e For small sized blocks (< 10%, corresponding tom, n < 3
in our experiments) of missing RTT values the un-biassed
estimator can be used to estimate the missing RTT values.

e For large sized blocks of missing values (>70%, corre-
sponding to m, n > 18 in our experiments), iterative
DN completion provides least estimation error.

e For medium sized blocks of missing RTT values
(about 30-50%, corresponding to 7 <m, n < 15), the
iterative DN completion provides less error for net-
works with higher density and the unbiased estimator
yields less estimation error for networks with lower
density.
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The techniques proposed in Sections 2.1 and 2.2 can be
applied to estimate the missing measurements of any form
in any network, as long as the set of measurements can be
represented in the form of a matrix. Further, the matrices
must satisfy the DN property in order to apply the DN ma-
trix completion discussed in Section 2.1, or should satisfy
the conditions for sparse representation and incoherence
measurement in order to apply the compressed sensing dis-
cussed in Section 2.2. Examples of such applications include
estimation of channel state information (CSI) in wireless
networks and estimation of link state information (LSI) in
high speed communication networks.

4. Conclusion

We addressed the issue of recovering incomplete RTT
measurements in computer networks. We evaluated two
approaches namely doubly non-negative (DN) matrix com-
pletion and compressed sensing, to estimate the missing
measurements. We proposed an iterative method for DN
matrix completion and discussed the convergence of the
iterations. While compressed sensing was better suited
for recovering measurements in networks with sporadic
missing information, DN matrix completion was more suit-
able for networks missing blocks of information. It is
shown that the performance of the estimators is highly
dependent on the data set. The proposed iterative DN ma-
trix completion method was observed to provide less esti-
mation errors than the conventional unbiased estimator
for US data set when the number of missing entries is large.
The techniques proposed in this paper can also be applied
to estimate the missing channel gains in the channel state
information (CSI) matrix in wireless networks and to
estimate the traffic conditions to complete the link state
information (LSI) matrix in high speed communication
networks.

Appendix A. Matrix-theoretic background

Definition 1 ([20]). An N x N matrix, A =

1<j
to be doubly non-negative (DN) if it is positive sem1 deﬁmte
[22] and a;; = 0, Vi, j.

Definition 2 ([20]). Consider an N x N matrix, A. Let R,
Cc{1,2,...,N}. The matrix, B = A(R,C), obtained by taking
the elements in the rows specified by the set, R and the col-
umns specified by the set, C, is called a sub-matrix of A. If
R=C, then B=A(R,R) is called a principal sub-matrix of A
and the determinant, det(B), is called a principal minor of
A The sub-matrices, B, = A(Ri,R,), where R, =1{1,2,...,k},

<k <N, are called the leading principal sub- matrlces of
A and det(By), 1 <k <N are called the leading principal
minors of A.

We then apply the following lemma, that provides an
alternate definition for doubly non-negative matrices.

[aU]1<,<N is said

Lemma 1 [30]. A non-negative N x N matrix (ie., a
matrix whose entries are non-negative), A, is doubly non-
negative (DN) if and only if all its principal minors are non-
negative.

Lemma 2. Consider a symmetric non-negative M x M
matrix, Y, with spectrum,* o(Y) = {imax =41 > iz = i3+ =
Jm = Zmin}. The matrix, Y2Y + Al where Lis the identity matrix,
is DN if A > |/min|-

Proof. Note that Y is non-negative since it is a sum of non-
negative matrices. Let P =[y;|y2|ys- - -[ym], where y;---yu
are the ortho-normal eigen vectors of Y. Therefore,
PP'=PP=] and Y=PD,PT [22], where Dy-=diag
()L1.)L2, ey /1]\/1) Then,

Y = PD,P" + Al = PDyP" + APIP" = P(Dy + A)P",

ie, oY) = {21+ A2+ A, ..., 2m+ A}. Thus, if A > |Aminl,
Ai+A =0, Vi ie, Y is positive semi-definite and is DN
according to Definition 1. O

Lemma 3 ([22]). Consider an (M + N) x (M + N) matrix, A of
the form

A= {’C‘ ]ﬂ (41)

where A is a non-singular M x M matrix, B is an M x N
matrix, C is an N x M matrix and D is a non-singular N x N
matrix. Then

det(A) = det(A)det(D — CA™'B) = det(D)det(A — BD'C).

(42)
Lemma 4 [22]. Consider an (M +N) x (M +N) matrix as

defined in (41). Let S2 D — CA~'B (called the Schur comple-
ment of A), be non-singular. Then,

A'+A'BS'cA! -A'BS!

Al =
-S7'cA™! s

(43)

Definition 3 ([22]). Consider a real M x N matrix,

A = [aj]1<icu. The Frobenius norm of A, denoted as ||A||2, is
1<j<N

defined as

IAJlF = Z Z tr(A'A), (44)

i=1 j=1
where tr(B) represents the trace (sum of the elements on
the leading diagonal) of a square matrix, B.

Lemma 5 [22]. Consider two M x M matrices, Y and Z such
that Y > Z. Let X be a non-negative M x 1 vector. Then
Yx > Zx and ||YX| > ||Zx]|.
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