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Abstract — Sequential feedback communications has
wide ranging applications such as low power commu-
nications, error-resilience protocols etc. Two kinds
of feedback communication systems can be inden-
tified: information feedback and decision feedback.
Continuous-time sequential decision feedback commu-
nication is the focus of this paper. The case when the
detector test statistic is a Poisson random walk pro-
cess with reversals whose velocities are governed by a
Markov jump process is addressed. Some mathemati-
cal properties of this feedback system are investigated.

I. Introduction

In general, there are two classes of signal detection proce-
dures using hypothesis testing — fixed sample size and se-
quential test. Example of a fixed sample size test is the
Neyman-Pearson binary hypothesis test [1] that utilizes a
fixed number of observations to minimize the probability of
miss (α10=P(decide H0|H1 true)) for a given false alarm
(α01=P(decide H1|H0 true)) constraint. Here, H0 and H1 de-
note null and alternative hypothesis, respectively. Usually, in
fixed sample size detection, both types of error probabilities
cannot be controlled simultaneously [1]. However, in many
applications the error probabilities are critical but the total
number of observations may not be a constraint. Examples
include communication systems with feedback, serial acquisi-
tion of direct-sequence spread spectrum signals, pattern recog-
nition, and automatic modulation classification. In a commu-
nication system employing a feedback channel the state of the
received signal is often fed back to the transmitter ([19] and
[20]). Based on the feedback the transmitter either chooses
to retransmit the same information or sends new information.
This feedback can be one of two types [19]:

• Information feedback — receiver relays all or part of the
received information to the transmitter and any errors
are corrected at the transmitter

• Decision feedback — receiver requests retransmission of
only uncertain data

Performance analysis of these two types of systems is impor-
tant due to the fact that many state-of-the-art communication
systems employ a feedback channel for rate control, power
control etc. We aim to analyze a sequential decision feedback
system in this paper. The scenario we consider is similar to
the ones presented in [19] and [20] but only in a more general
setting.

It is known that Wald’s sequential probability ratio test
(SPRT) [2] based binary sequential signal detection for in-
dependent, identically distributed (i.i.d.) observations is
optimum—minimizes the expected value of the required sam-
ple size (also called the average sample number (ASN)) among

all tests for which the error probabilities have a predefined con-
straint. The problem of sequential hypothesis testing when
the observations are independent and identically distributed
(i.i.d.) has been widely studied [2]-[6]; however, in many ap-
plications the observations are not independent [7]. For corre-
lated observations the optimum sequential test is shown to be
in the form of a generalized sequential probability ratio test
(GSPRT) [8]. Sequential detection of signals in autoregres-
sive noise is studied in [9]. Here, the SPRT and a sequential
linear detector are compared in terms of the ASN for fixed
error probabilities. It is shown that both these detectors have
the same asymptotic relative efficiency. In [10], quantization
and conditional testing for sequential detection is introduced.
Wald’s identity has been generalized for dependent observa-
tions in [11]. In [12], a non-parametric SPRT detecting signals
in additive Markov noise is analyzed. Other works that deal
with the non-i.i.d. case can be found in [13]-[17].

In [19], the effect of sequential decision feedback on com-
munication over the Gaussian channel is studied. Coherent
communication over a forward channel perturbed by additive
white Gaussian noise and a noiseless feedback channel is con-
sidered that employs a sequential decision feedback strategy.
Analysis of this systems is based on the sequential analysis
introduced by Wald [2]. For a binary uncoded communica-
tion over the Gaussian channel an ideal feedback channel is
observed to give a savings of approximately a factor of four
in the energy-to-noise ratio relative to the conventional one-
way system for the same error probability. Clearly, this is
very useful for low power communications. A similar analysis
is used by Kramer [20] to study the performance of another
sequential decision feedback communication system. Exact
expression for the error probability is derived and the systems
is shown to perform better than [19]. The error probability is
observed to be always less than the method in [19] and shows
rapid improvement for rates near channel capacity.

The aim of this paper is to revisit sequential decision feed-
back communication for binary signaling. The effect of se-
quential decision feedback is presented when the detector test
statistic is a Poisson random walk process with reversals and
the velocity of this process is controlled by a Markov jump
process. The paper is organized as follows. The sequential
communication problem is introduced in Section II, Section III
contains analysis of a sequential detector and brief conclusions
are given in Section IV.

II. Problem Definition

Let (Ω,F ,Ft, P ), t ∈ [0,∞), be a stochastic basis with stan-
dard assumptions about the monotonicity and right-continuity
of the σ-algebras Ft. Let Ft = σ{X(u), 0 ≤ u ≤ t}.
A sequential decision rule is the pair (τ, d) where τ is a
Markov stopping time with respect to the family {Ft} (i.e.,



{τ ≤ t} ∈ Ft), and d, the terminal decision function is Fτ

measurable. X = {X(t), t ≥ 0} is interpreted as describing
the position of a random walk process. Let the velocity pro-
cess Y = {Y (t), t ≥ 0} of this random walk be governed by
two Poisson processes. Suppose the random walk moves with
a constant speed V along the real-line with the sign of the
velocity changing (i.e., change of direction) according to the
following probability law,

P (turn in (t, t + dt)|moving forward) = µ1dt + o(dt)

P (turn in (t, t + dt)|moving backward) = µ2dt + o(dt) (1)

Then this is a kind of Poisson process with reversals. The
rates of the Poisson process are µ1 and µ2.

If {X(t)} is the process observed by a sequential detector
then the sequential detection problem under consideration is
then defined as a test between the hypotheses,

H0 : µ = (µ0
1, µ

0
2)

H1 : µ = (µ1
1, µ

1
2). (2)

Therefore, the random walk process is driven by velocity pro-
cess Y (t) that is a Markov jump process with generator matrix

(

−µ2 µ2

µ1 −µ1

)

(3)

The suffix has been dropped for notational convenience. With-
out loss of generality we assume that Y (0) = −V or V with
equal probability. Let −B and A, B, A > 0 denote two con-
stant boundaries. Then, the sequential test accepts H0 or H1

according to whether X(t) is absorbed in −B or A respectively
and X(t) is observed until a decision is made. If p(x0, t, x) de-
notes the probability density of X(t) when X(0) = x0 then it
can be shown that,

∂2p
∂t2

+ 2µ̄
∂p
∂t

= V 2 ∂2p
∂x2

0
+ 2µ̄u

∂p
∂x0

(4)

which is a diffusion equation with drift and, µ̄ = µ1+µ2
2 and

u = V (µ2−µ1)
2µ̄ . We note that Eq. (4) is a generalization of

the telegrapher’s equation [21]. When µ1 = µ2 = µ, Eq. (4)
reduces to the telegrapher’s equation, namely,

∂2p
∂t2

+ 2µ
∂p
∂t

= V 2 ∂2p
∂x2

0
(5)

because µ̄ = µ and u = 0. Clearly, this represents a diffusion
without drift. If µ̄ is large such that the diffusion coefficient
V 2

µ̄ → σ2 then using Eq. (4) we obtain

σ2

2
∂2p
∂x2

0
+ u

∂p
∂x0

=
∂p
∂t

(6)

which is the backward diffusion equation for the Wiener pro-
cess [18]. Solving for p(., ., .) by using some linear transforma-
tions the required pdf is given by

p(x0, t, x) =
1
2

[

e−µ1tδ(x− x0 − V t) + e−µ2tδ(x− x0 + V t)
]

+

µ̄
V

e
−µ̄

[

t−
(

u
V 2

)

(x−x0)
]

×
[

I0(y) + µ̄
(

t−
( u

V 2

)

(x− x0)
) I1(y)

y

]

×

H(V t− |x− x0|) (7)

where H(.) is the Heaviside function defined as

H(x) =

{

1 if x > 0
0 if x < 0,

(8)

y = µ̄
V

√

V 2
[

t−
(

u
V 2

)

(x− x0)
]2 − (x− x0 − ut)2, I0(.) and

I1(.) denote the modified Bessel function of the first kind of
order zero and one respectively.

III. Sequential Detector
In this section we analyze the sequential detector. We note
that the sequential detector is described by the random walk
restricted by the two absorbing barriers at −B and A. Ab-
sorption at −B corresponds to deciding H0 and absorption
at A corresponds to H1. We prove that this sequential test
terminates w.p. 1.

Theorem 1 The sequential test under consideration termi-
nates with probability 1, i.e., P (τ < ∞) = 1.

Proof. Without loss of generality let us assume x0 = 0. Then

y =
µ̄

V 2

√

[V 2 − u2][V 2t2 − x2].

The test does not terminate if X(t) ∈ (−B, A). The probabil-
ity of this event is given by

P (X(t) ∈ (−B, A)) =
∫ A

−B

p(0, t, x)dx

=
µ̄
V

e−µ̄t

∫ A

−B

I0(y)dx +

µ̄2

V
e−µ̄t

∫ A

−B

[

t−
( u

V 2

)

x
] I1(y)

y
dx

Since I0(.) and I1(.) are increasing functions we can write

I0

( µ̄
V 2

√

[V 2 − u2][V 2t2 − x2]
)

≤ I0

( µ̄
V 2

√

[V 2 − u2]V 2t2
)

= I0

( µ̄t
V

√

V 2 − u2
)

(9)

and

I1

(

µ̄
V 2

√

[V 2 − u2][V 2t2 − x2]
)

(

µ̄
V 2

√

[V 2 − u2][V 2t2 − x2]
)

≤
I1

(

µ̄t
V

√
V 2 − u2

)

(

u
V 2

)√

[V 2 − u2][V 2t2 −max2(A, |B|)]
(10)

Therefore,

P (X(t) ∈ (−B, A)) ≤ µ̄
V

e−µ̄tI0

( µ̄t
V

√

V 2 − u2
)

(A + B) +

µ̄V e−µ̄tI1
(

µ̄t
V

√
V 2 − u2

)

√

[V 2 − u2][V 2t2 −max2(A, |B|)]
×

[

t(A + B)−
( u

V 2

)

(

A2 −B2

2

)]

(11)

Using the following asymptotic result from [25] for a mth order
modified Bessel function,

Im(t) ∼
√

1
2πt

et, as t →∞



in Eq. (11), for sufficiently large t and observing that√
V 2−u2

V ≤ 1 we see that the right hand side of the above
equation tends to zero exponentially as t →∞. Therefore, it
follows that E(τ) < ∞.

Next, we use the method of Fourier series to find the ab-
sorption pdf of the process denoted by p̂(x0, t, x). It is seen
that the boundary and the initial condition the pdf should
satisfy are

p̂(−B, t, x) = 0; p̂(A, t, x) = 0 (12)

p̂(x0, 0, x) = δ(x− x0) (13)

Let

p̂(x0, t, x) = ek1x0−k2tsin

(

nπ(x0 + B)
A + B

)

, n, 1, 2, . . . (14)

be the form of the solution to the diffusion equation in Eq. (4).
Clearly, this solution satisfies boundary conditions in Eq. (12).
The constants k1 and k2 will be evaluated such that the initial
condition is satisfied. From Eq. (14) we obtain the following

∂p̂
∂t

= −k2ek1x0−k2tsin

(

nπ(x0 + B)
A + B

)

∂2p̂
∂t2

= k2
2ek1x0−k2tsin

(

nπ(x0 + B)
A + B

)

∂p̂
∂x0

= k1ex0−k2tsin

(

nπ(x0 + B)
A + B

)

+

ek1x0−k2t
( nπ

A + B

)

cos

(

nπ(x0 + B)
A + B

)

∂2p̂
∂x2

0
= k2

1ek1x0−k2tsin

(

nπ(x0 + B)
A + B

)

+

2k1ek1x0−k2t
( nπ

A + B

)

cos

(

nπ(x0 + B)
A + B

)

−

( nπ
A + B

)2
sin

(

nπ(x0 + B)
A + B

)

ekx0−k2t (15)

Substituting Eq. (15) into Eq. (4) and performing algebraic
manipulations, we get

p̂(x0, t, x) =
2

A + B

∞
∑

n=1

e
µ̄u
V 2 (x−x0)−µ̄t ×

sin

(

nπ(x + B)
A + B

)

sin

(

nπ(x0 + B)
A + B

)

×

cos

[√

( nπV
A + B

)2

− µ̄2

(

1−
( u

V

)2
)

]

t

(16)

This is the pdf of the random walk process with two absorbing
barriers.

A Moments of the First Exit Time
We know that E(τ) < ∞. Let τ = inf{t > 0; X(t) 6∈
(−B, A)|X(0) = x0,−B < x0 < A} denote the first exit time
of the stochastic process X(t) from the interval (−B, A). Pro-
ceeding from the backward equation we obtain,

∂2p̂
∂t2

+ 2µ̄
∂p̂
∂t

= V 2 ∂2p̂
∂x2

0
+ 2µ̄u

∂p̂
∂x0

(17)

If

1−G(t|x0) = p(τ > t) =
∫ A

−B

p̂(x0, t, x)dx (18)

then the pdf of τ is g(t|x0) = dG
dt from which we see that

g(t|x0) = − ∂p(τ>t)
∂t . Let the moment generating function

(mgf) be

Υ(s|x0) =
∫ ∞

0

e−stg(t|x0)dt (19)

If P1(x0, t) =
∫ A

−B
p(x0, t, x)dx then we see that it satisfies

Eq. (17), i.e.,

∂2P1

∂t2
+ 2µ̄

∂P1

∂t
= V 2 ∂2P1

∂x2
0

+ 2µ̄u
∂P1

∂x0
(20)

Taking the partial derivative with respect to t on both sides
and changing the order of differentiation shows that

∂2g
∂t2

+ 2µ̄
∂g
∂t

= V 2 ∂2g
∂x2

0
+ 2µ̄u

∂g
∂x0

(21)

By taking the Laplace transform

V 2 d2Υ
dx2

0
+ 2µ̄u

dΥ
dx0

= s2Υ + 2µ̄sΥ (22)

with −B < x0 < A and boundary conditions, Υ(−B) = 1 and
Υ(A) = 1. Since Υ(x0) is the moment generating function
of the first exit time τ we have Υ(x0) =

∑∞
n=0(−s)n mn(x0)

n! ,
where mn(x0) = E(τn). Substituting this into Eq. (22) we
have,

∞
∑

n=0

(−s)n

n!

[

V 2 d2mn

dx2
0

+ 2µ̄u
dm
dx0

− (s2 + 2m̄us

]

= 0 (23)

Equating the co-efficients of sn to zero,

V 2 (−1)n

n!
d2mn

dx2
0

+ 2µ̄u
(−1)n

n!
dm
dx0

= (−1)n−2 mn−2

(n− 2)!
+ 2µ̄(−1)n−1 mn−1

(n− 1)!

which implies

V 2 d2mn

dx2
0

+ 2µ̄u
dmn

dx0
= n(n− 1)mn−2 − 2µ̄nmn−1 (24)

Therefore, for n = 1, m1 = E(τ) satisfies the following differ-
ential equation

d2m1

dx2
0

+
2µ̄u
V 2

dm1

dx0
= −−2µ̄

V 2 (25)

with boundary conditions m1(−B) = m1(A) = 0. It is easy to
see that the complementary solution to this differential equa-
tion is of the form

m(c)
1 (x0) = c1 + c2e

−
(

2µ̄u
V 2

)

x0 (26)

for two arbitrary constants c1 and c2. Assuming a particular
solution of the form m(p)

1 (x0) = c3x0 for some constant c3 and
substituting in Eq. (25) we see that c3 = − 1

u . Therefore, the
complete solution to Eq. (25) is given by m1(x0) = m(c)

1 (x0)+
m(p)

1 (x0). Now, using the boundary conditions to evaluate the



constants c1 and c2 we have the following set of simultaneous
equations

c1 + c2e
2µ̄u
V 2 B = −

( 1
u

)

B

c1 + c2e
− 2µ̄u

V 2 A =
( 1

u

)

A (27)

from which we obtain

c1 =
−B
2µ̄u

+
(B + A)

u
e

2µ̄uB
V 2

e
2µ̄uB

V 2 − e−
2µ̄uA

V 2

c2 =
−B + A

u
+

1

e
2µ̄uB

V 2 − e−
2µ̄uA

V 2

.

(28)

We now consider the specific case when x0 = 0 and A = B.
After tedious algebraic manipulations we get,

m1(0) = c1 + c2

=
A

2µ̄u
tanh

( µ̄uA
V 2

)

(29)

For the symmetric case (µ1 = µ2), u = 0. Then Eq. (25)
becomes

d2m1

dx2
0

= −−2µ̄
V 2 (30)

whose solution is

E(τ |x0) = m1(x0) = − µ̄x2
0

V 2 + r1x0 + r2, −B < x0 < A (31)

Using the boundary conditions we get r1 = (A−B)µ̄
V 2 and r2 =

µ̄B2

V 2 + B(A−B)µ̄
V 2 . Therefore, for x0 = 0 and A = B, E(τ) =

µ̄A2

V 2 .
The expected time for the sequential test to terminate,

E(τ), gives a measure of the amount of transmitted power
required for noisy communication system to achieve the given
false alarm and miss probability of errors [19]. The faster
the test terminates the lesser transmitted power it requires.
Therefore, using sequential tests leads to a big savings in the
transmitted power. From Eq. (29) for thresholds equidistant
from the origin we see that an upper bound on the average
stopping time for the test is given by

E(τ) =
A

2µ̄u
tanh

( µ̄uA
V 2

)

≤ A
2µ̄|u| (since |tanh(.)| ≤ 1)

≤ 1
|µ2 − µ1|

(A
V

)

(32)

IV. Conclusions
Continuous-time sequential decision feedback communication
is investigated. The case when the detector test statistic is a
Poisson random walk process with reversals whose velocities
are governed by a Markov jump process is addressed. Per-
formance of the sequential detector is studied via a restricted
stochastic process between two absorbing boundaries. The
pdf of the restricted process is derived using the method of
Fourier series expansion. The moments of the stopping time
of the restricted process is shown to satisfy an ordinary dif-
ferential equation. From this, the expected stopping time is
derived explicitly and an upper bound is also given.

Acknowledgement

Part of this work was supported by the NSF grant 0082064
and NJCWT.

References

[1] H.V. Poor, An introduction to signal detection and
estimation, Springer Verlag, New York, 1994.

[2] A. Wald, Sequential analysis, Dover Publications
Inc, New York, 1973.

[3] M.A.Girshick, ”Contributions to the theory of se-
quential analysis, II, III”, Ann. Math. Statistics,
vol. 17, pp. 282-298, Sept. 1946.

[4] J.G. Proakis, “Exact distribution functions of test
length for sequential processors with discrete in-
put data,” IEEE Trans. on Information Theory,
vol. 90, pp. 182-191, 1963.

[5] A. Kuh, “Nonparametric decentralized sequential
detection,” Proc. of IEEE International Symp. on
Information Theory, p. 528, 1997.

[6] C.W. Baum and V.V. Veeravalli, “Sequential pro-
cedure for multihypothesis testing,” IEEE Trans.
on Information Theory, vol. 40, pp. 1994-2007,
Nov. 1994.

[7] R. Chandramouli and N. Ranganathan, “A gener-
alized sequential sign detector for binary hypoth-
esis testing,” IEEE Signal Processing Letters, vol.
5, no. 11, pp. 295-297, Nov. 1998.

[8] J. Cochlar and I. Vrana, “On the optimum sequen-
tial test of two hypotheses for statistically depen-
dent observations,” Kybernetika, vol. 14, pp. 57-
69, 1978.

[9] S. Tantaratana, “Comparison of the SPRT and
the sequential linear detector in autoregressive
noise,” IEEE Trans. on Information Theory, vol.
31, pp. 693-697, 1985.

[10] J.G. Shin and S.A. Kassam, “Sequential detection
based on quantization and conditional testing,”
Proc. of Conf. on Inform. Sci. and Systems, Johns
Hopkins University, pp. 487-492, 1979.

[11] R. Bellman, “On a generalization of the funda-
mental identity of Wald,” Proc. of the Cambridge
Philosophical Society, vol. 53, pp. 257-259, 1957.

[12] B. Dimitriadis and D. Kazakos, “A nonparamet-
ric sequential test for data with Markov depen-
dence,” IEEE Trans. on Aerospace and Electronic
Systems, vol. 19, pp. 338-346, 1983.



[13] G.K. Golubev and R.Z. Khas’minskii, “Sequen-
tial testing for several signals in Gaussian white
noise,” Theory of probability and its applicationsm
vol. 28, pp. 573-584, 1983.

[14] J.S. Sadowsky, “On dependent data extension of
Wald’s identity and its application to sequential
test performance computation,” IEEE Trans. on
Information Theory, Vol. 35, no. 4, pp. 834-842,
July 1989.

[15] C.D. Fuh and T.L. Lai, “Wald’s equations, first
passage times and moments of ladder variables in
Markov random walks,” J. Appl. Probab., vol. 35,
no. 5, pp. 566-580, 1998.

[16] D. Sauder and E. Geraniotis, “One-step memory
nonlinearities for signal detection and discrimina-
tion from correlated observations,” IEEE Trans.
on Communications, vol. 41, pp. 1795-1804, 1993.

[17] N.V. Verdenskaya and A.G. Tartakovskii,
“Asymptotically optimal sequential testing
of multiple hypotheses for non-homogeneous
Gaussian processes in an asymmetric situation,”
Theory of prob. and its applications, vol. 36, pp.
536-547, 1988.

[18] A.N. Shiryaev, Probability, NY, Springer Verlag,
1995.

[19] A.J. Viterbi, “The effect of sequential decision
feedback on communication over the Gaussian
channel,” Information and Control, vol. 8, pp. 80-
92, 1965.

[20] A.J. Kramer, “Use of orthogonal signaling in
sequential decision feedback,” Information and
Control, vol. 10, pp. 509-521, 1967.

[21] S. Goldstein, “On diffusion by discontinuous
movements and the telegraph equation,” Quart.
J. Mech. Appl. Math, vol. 4, pp. 129-156, 1951.

[22] G.M. Murphy, Ordinary differential equations and
their solutions, D. Van Nostrand Company, 1960.

[23] M. Kac, “A stochastic model related to the teleg-
rapher’s equation,” Rocky Mountain J. Math., vol.
4, pp. 497-509, 1974.

[24] W. Orsingher, “Probability law, flow function,
maximum distribution of wave-governed random
motions and their connections with Kirchoff’s
laws,” Stochastic Processes and their Applica-
tions, vol. 34, pp. 49-66, 1990.

[25] R. Haberman, Elementary applied partial differ-
ential equations, Prentice Hall, NJ, 1998.


