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Stochastic Learning Solution for Distributed Discrete
Power Control Game in Wireless Data Networks

Yiping Xing, Member, IEEE, and R. Chandramouli, Senior Member, IEEE

Abstract—Distributed power control is an important issue in
wireless networks. Recently, noncooperative game theory has been
applied to investigate interesting solutions to this problem. The
majority of these studies assumes that the transmitter power level
can take values in a continuous domain. However, recent trends
such as the GSM standard and Qualcomm�s proposal to the IS-95
standard use a �nite number of discretized power levels. This
motivates the need to investigate solutions for distributed discrete
power control which is the primary objective of this paper. We
�rst note that, by simply discretizing, the previously proposed
continuous power adaptation techniques will not suf�ce. This is
because a simple discretization does not guarantee convergence
and uniqueness. We propose two probabilistic power adaptation
algorithms and analyze their theoretical properties along with
the numerical behavior. The distributed discrete power control
problem is formulated as an -person, nonzero sum game. In this
game, each user evaluates a power strategy by computing a utility
value. This evaluation is performed using a stochastic iterative
procedures. We approximate the discrete power control iterations
by an equivalent ordinary differential equation to prove that the
proposed stochastic learning power control algorithm converges
to a stable Nash equilibrium. Conditions when more than one
stable Nash equilibrium or even only mixed equilibrium may exist
are also studied. Experimental results are presented for several
cases and compared with the continuous power level adaptation
solutions.

Index Terms—Game theory, power control, stochastic learning,
wireless networking.

I. INTRODUCTION

D UE TO THE increased demand for wireless services,
efficient use of available resources is important. Power

control that mitigates unnecessary interference and saves the
battery life of mobile users is a useful technique. Early works
[1]–[4] addressed the power control problem as an eigenvalue
problem for nonnegative matrices. As a consequence of the
Perron–Frobenius theorem, the existence and uniqueness of
a feasible power vector associated with the eigenvalue of the
channel gain matrix is shown. These algorithms were central-
ized in the sense that all of the power vector components were
found by inversion of a matrix which was composed of channel
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gains of all users. Centralized power control requires exten-
sive control signaling in the network and may not be applied
efficiently in practice. However, it can be used to give bounds
on the performance of distributed power control algorithms.
Distributed versions which depend only on local information,
such as the measured signal-to-interference ratios (SIRs) or
channel gain of a specific user, have been developed in [5] and
[6]. Further, rate control is associated with power control in [7]
and [8] that jointly optimizes the transmitting rate and power.
Due to the imperfect estimation of the interference at each
power control update, a stochastic power control algorithm is
developed in [9] that evolves stochastically and the convergence
is defined in terms of the mean-squared error (MSE) of the
power vector with respect to the optimal power vector that is
the solution of a feasible deterministic power control problem.
Later, convergence properties were improved by using aver-
aging in [10]. The problem of joint power control, multiuser
detection, and diversity combining is addressed in [11] and
[12], where the effect of using antenna diversity is studied.

Naturally, on the one hand, mobile users prefer to transmit
at a lower power for a fixed SIR, and, on the other hand, for
a given transmitter power, they prefer to obtain a better SIR.
This observation motivates a reformulation of the power control
problem using concepts from microeconomics and game theory.
The framework was originally proposed in [13] for voice traffic,
where a utility function is defined for each mobile user. The
utility function reflects the user’s preference regarding the SIR
and the transmitter power. Different utility functions and for-
mulation of noncooperative power control games are proposed
[14]–[16]. This concept is extended for power control in wire-
less data networks in [17] and [18], where throughput per bat-
tery life is chosen as the utility function, which seems to be a
practical metric.

In most of the previous studies, the transmitter power level
can assume any continuous value in a domain. However, in a
digital cellular system or future PCS systems, the power level is
quantized into discrete values. For instance, in GSM, the uplink
and downlink transmission power may vary from 5 to 33 dBm,
at values which are equally spaced by 2 dBm. In Qualcomm’s
CDMA proposal for IS-95 [19], the power levels are equally
spaced by 0.5 dB, within a dynamic range of 85 dB in the uplink
and 12 dB in the downlink. Therefore, it is not clear how to apply
those power control algorithms into a practical power-quantized
system. Some previous work in this direction can be found in
[20] and [21]. Discrete power control algorithms were devel-
oped based on conventional continuous framework. However,
it is shown in [21] that, by simply “discretizing” the continuous
power control algorithm, the convergence and uniqueness of the
continuous power control are lost. Game/utility theory-based
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power control is a useful tool to model and analyze mobile user’s
satisfaction on both QoS and power consumption. However, as
discussed before, discrete transmission power control may need
separate analysis on convergence and uniqueness issues. In this
paper we focus on a noncooperative game theory framework
for wireless data networks similar to the one proposed in [18]
but differing in several key aspects as described later. In [18], a
noncooperative continuous-valued power control game (NPG)
formulation has been shown to admit a unique Nash equilib-
rium. The proof is based on the fact that the utility function
is continuous in power space and quasi-concave in each user’s
power variable. Also, the first-order necessary optimality condi-
tion is calculated to show the uniqueness. However, for discrete
transmit power levels, there will be cases where the game has
multiple pure equilibria or even mixed equilibria.

In addition to discussing some properties of the proposed
NPG, we also propose two discrete stochastic learning power
control (DSLPC) algorithms to solve it in a distributed manner.
DSLPC is based on principles from stochastic learning automata
[22]. Some of the key advantages of DSLPC over previous de-
terministic power control strategies are the following:.

• Generally speaking, since DSLPC operates in the proba-
bility space to search for the best power levels, it does not
normally suffer from getting stuck in local optimum. Itera-
tive deterministic techniques operating at the surface of an
objective function may suffer due to this phenomenon.

• DSLPC is capable of discovering optimal mixed power
control strategies in NPG.

• DSLPC can handle both deterministic and stochastic power
control situations.

• The proposed DSLPC algorithm is found to be fairly inde-
pendent of the initialization values used.

A stochastic learning technique has been successfully used in
wireless packet networks for online prediction and tracking and
is shown to be computationally simple and efficient in [23] and
[24]. In our decentralized iterative learning process, at each it-
eration, the only information needed to update the power strate-
gies for individual terminal users is the feedback (payoff) from
the base station, which saves the consumption of channel band-
width for extra communication between mobile users and the
base stations. The convergence and stability of the DSLPC are
theoretically studied in detail for a two-user two-power-level
case. Detailed experimental results are presented for a more gen-
eral case to illustrate the convergence and optimality properties
of DSLPC.

The remainder of this paper is organized as follows. In
Section II, mathematical preliminaries of the stochastic learning
model are introduced. In Section III, the formulation of a non-
cooperative power control game and the utility function we
used to evaluate the satisfaction of mobile users are presented.
DSLPC is also discussed in detail in Section III. The Nash
equilibrium in both pure and mixed strategies of this iterative
game is defined. Two stochastic learning solutions to solve the
distributed power control game are presented in Sections IV
and V. Numerical results are presented in Section VI. Finally,
in Section VII, we conclude this paper.

II. MATHEMATICAL PRELIMINARIES OF STOCHASTIC
AUTOMATA GAMES

Here, we briefly discuss the concept behind automata games
[22]. Abstractly, a learning automaton can be considered to be
an object that can choose from a finite number of actions. For
every action that it chooses, the random environment in which
it operates evaluates that action. A corresponding stochastic
feedback is sent to the automaton based on which the next ac-
tion is chosen. As this process progresses the automaton learns
to choose the optimal action for that unknown environment
asymptotically. The stochastic iterative algorithm used by the
automaton to select its successive actions based on the envi-
ronment’s response defines the stochastic learning algorithm.
An important property of the learning automaton is its ability
to improve its performance with time while operation in an
unknown environment. For consistence, our notation follows
or parallels that from standard book on game theory (see, e.g.,
[25]) and [26].

In multiple automata games, instead of one automaton
(player) playing against the environment, automata, say

take part in a game. Consider a typical au-
tomaton described by a 4-tuple . Each player

has a finite set of actions or pure strategies . Let
cardinality of be . The result of each play is a
random payoff to each player. Let denote the random payoff
to player . It is assumed here that .
Define functions , , by

(1)

The function is called the expected payoff function or utility
function of player . The objective of each player is
to maximize its expected payoff. Players choose their strategies
based on a time-varying probability distribution. Let

denote the action choice probability distri-
bution of the th automaton at time instance . Then, de-
notes the probability with which th automaton player chooses
the th pure strategy at instant . Thus, is the strategy
probability vector employed by the th player at instant . de-
notes the stochastic learning algorithm according to which the
elements of the set are updated at each time , i.e.,

, where and are the actual ac-
tions selected by and the payoff received by , respectively, at

, . The working of a learning automaton, say ,
can be described as follows. Initially, at , one of the actions
is chosen by the player at random with an arbitrarily chosen ini-
tial probability. This action is then applied to the system and
the response from the environment is observed. Based on the
response , the probabilities of actions for the next period of
time are updated according to the updating rule . This process
is repeated by all of the players until a stopping criterion is
reached or the probability vector converges. Fig. 1 pictorially
depicts the basic automata game setup.

III. PROBLEM FORMULATION

We propose a distributed discrete stochastic power control
system in which each mobile user behaving as a learning au-
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Fig. 1. Basic multiple automata game setup.

tomaton adjusts its power over time based on some feedback
from the base station to arrive at the optimal strategy. In this con-
text, the feedback that a wireless terminal receives is referred to
as the instantaneous utility or payoff, which represents the sat-
isfaction of the mobile user for the chosen power level.

A. Utility Function and Noncooperative Power Control Game

One of the most important concerns here is the measure of
satisfaction, which for a wireless data network is naturally re-
lated to the amount of information that a user can transfer in
the lifetime of its battery. Therefore, we choose the throughput
per battery life as the utility function, as this brings a prac-
tical and meaningful metric to serve as the definition of utility
[17]. We note that the proposed algorithm and analysis should
hold for other utility functions also. Let the power vector

denote the selected power levels of all the
users, where is the power level selected by user , is
the strategy set for user and is the set of all power vectors.
The resulting utility value for the th user is . To empha-
size that the th user has control over its own power only, we
use an alternative notation , where denotes the
vector consisting of elements of other than the th element.

The utility of user obtained by expending power can be
expressed as [18]

(2)

where is the information bits in frame (packets) of bits
at a rate b/s using W of power. The efficiency function
is defined as , where is the bit error rate
(BER). For example, if a noncoherent FSK modulation scheme
is used, then we have , and (SIR of user ) is
defined as

(3)

and is the available spread-spectrum bandwidth [Hz], is
the AWGN power at the receiver [W], and is the set of path
gains from the mobile to the base station.

An example of one user’s utility function, assuming that all
other users’ transmitting powers are fixed, is shown in Fig. 2.
We can notice that the curve of the utility function is concave in
powers and have a unique local maximum point. However, this
case may change when only discrete power values are available

Fig. 2. Example of a user’s utility function.

as discussed later. There maybe even more than one local max-
imum.

In the noncooperative power control game, each user maxi-
mizes its own utility in a distributed fashion. Formally, the NPG
is expressed as

(4)

The solution of this NPG is given in the sense of the Nash equi-
librium [25] as follows.

Definition 1: A power vector is a Nash
equilibrium of the NPG if, for every ,

for all .
At a Nash equilibrium, given the power levels of other

players, no user can improve its utility level by making indi-
vidual changes in its power. The existence and uniqueness of
the NPG equilibrium has been shown in [18] for continuous
power space for mobile users.

B. Discrete Stochastic Learning Power Control Game

In the stochastic learning game, the mobile users act as
players or learning agents who participate in the power control
game. The objective of each player is to maximize its payoff,
which reflects the satisfaction of the players. And the payoff is
measured in utility [e.g., (2)]. The game is played repeatedly
to learn the optimal strategies. Each individual automaton (or
mobile user) may not be aware of the following:

• number of mobile users participating in the game;
• strategies available to the other users;
• responses for each possible play.
The only information a player knows is its payoff after each

play, based on which the player learns the optimum strategy. A
strategy for player is defined to be a probability vector

, where player chooses action (or power level
with probability . Because each mobile user can only

choose a power level from a finite discrete set, should
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be a finite discrete set with dimension . Then, we can define
the expected payoff for player as given by

(5)

Definition 2: The -tuple of strategies is said
to be aNash equilibrium, if, for each , we have

(6)

A Nash equilibrium is said to be in pure strategies if
is a Nash equilibrium with each being a

unit probability vector. While, it is a nondegenerate mixed
Nash equilibrium if a player puts positive weight on more than
one pure strategy. In general, each above may be a mixed
strategy, and we refer to satisfying (6) as a Nash
equilibrium in mixed strategies. With this definition, when
there is no pure equilibrium as maybe the case in the discrete
power control game, the mobile users search for a mixed Nash
equilibrium. It is well known that every finite strategic-form
game has a mixed strategy equilibrium [25], that is, there
always exists a Nash equilibrium in our formulation of the
discrete power control game.

Further, we do some definition which will be used later fol-
lowing the notation of [26]. Define by

(7)

where is defined by

(8)

Define functions , , , on by

(9)

IV. DISCRETE LEARNING POWER CONTROL-I (DSLPC-I)

A. Discrete Learning Power Control Algorithm

The first DSLPC algorithm that is used by each mobile user
is given below:

DSLPC-I

1) Set the initial probability vector , for each .

2) At every time step , each user chooses a power according to
its action probability vector . Thus, the th player chooses
action at instant , based on the probability distribution

.

3) Each player obtains a payoff based on the set of all actions.
The payoff to player is , which is normalized.

4) Each player updates its action probability according to the
rule

(10)

5) stopping criterion met ; else, go to
step 2).

is the step size of the probability updating rule and
is normalized to lie in the interval . We normalize the

payoff as

(11)

where and . is the utility of
user . In our system, can just be set to 0 since , ,
but it is not realistic to know in advance. So what we do for
the normalization is that we update the maximum value dy-
namically, that is, first we initialize , then at instance ,
if , let , otherwise keep unchanged.
We note that this normalization does not affect our theoretical
results (this is not the actual maximum value of but is an
estimated value). However, this is perhaps the best we can do
without advance information. Alternatively, we could choose
to be a large constant. However, as one can imagine, choosing
too large compared with will significantly decrease the con-
vergence speed of DSLPC-I algorithm since all will be small
values. Although we introduced this dynamic normalization in
our algorithm, based on the above comments, we assume in our
theoretical analysis that the normalization has been already car-
ried out.

The update equation in (10) is of the linear reward-inaction
[22] type, that is, when a chosen power action results

in a reward then the probability of choosing that action in the
next time step is updated if not no updating takes place. Let

denote the state of the power
strategies at instant . Under this learning algorithm, we can
see that is a Markov process.
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B. Theoretical Analysis of DSLPC-I

The DSLPC-I results in a vector stochastic process of choice
action probabilities, so we need to characterize the long-term be-
havior of this process. Our analysis resorts to an ordinary differ-
ential equation (ODE) whose solution approximates the asymp-
totic behavior of if the step size parameter used in (10)
is sufficiently small. We can represent the learning algorithm
given in (10) as

(12)

where , and
. Then, as , we define a function

as the following conditional expectation:

(13)

With initial vector , the sequence will con-
verge weakly, as , to which is the solution of the ODE
[26]

(14)

First, we analyze a relatively simple two-player two-action
stochastic power control game. The game is defined by a pair of
game matrices

(15)

specifying the payoffs for the row player (player 1) and the
column player (player 2), respectively. If the row player chooses
action and the column player chooses action

, the payoff to the row player is and the payoff to the
column player is . Depending on the values of the and
the game can be classified into three categories as follows.

• Category 1: if or
, at least one of the two players has

a dominant strategy, therefore there is just 1 strict equilib-
rium.

• Category 2: if ,
, and , there are two

pure equilibria and one mixed equilibrium.
• Category 3: if ,

, and , there is just one
mixed equilibrium.

Note that this stochastic game for power control falls into the
class of a general-sum game. Let denote the proba-
bility of the row player picking action 1 and let de-
note the probability of the column player picking action 1. We
can then express the differential equation (14) whose solution
characterizes the long-term behavior of the stochastic learning
algorithm as

(16)

(17)

This differential equation system is an autonomous system. By
setting the left-hand side of (16) and (17) to zero, we can solve
for the critical point (e.g., ) of the system and the cor-
responding constant solution , , which is
called an equilibrium solution. We can easily see that all pure
strategies are equilibrium solutions, since, for a pure strategy,
either or , which makes . Similarly,

or is also an equilibrium solution from (17).
Definition 3: [30] A critical point of an autonomous

system is stable if, given any , there exists a such that
every solution , of the system that satisfies

at also satisfies

for all . If is stable and there exists an such
that every solution , that satisfies

at also satisfies

and then the critical point is asymptotically stable.
In other words, a critical point is stable if any tra-

jectory that begins near (within of) the point remains
near (within of) this point. If all trajectories that start near a
stable critical point actually approach it as , then the
critical point is asymptotically stable. Thus, if the ODE has an
asymptotically stable stationary point (critical point) , then
for all initial conditions sufficiently close to it, the action prob-
abilities generated by the proposed algorithm converges to .

Remark 1: We know that [26]: 1) all stationary points (critical
points) that are not Nash equilibrium are unstable and 2) all
pure strategies that are strict Nash equilibria are asymptotically
stable, which can be proved using Lyapunov’s stability theorem
[22].

Theorem 1: DSLPC-I will not discover a power strategy that
is not a Nash equilibrium.

Proof: We prove this result by contradiction. Suppose that
the Markov process generated by (12) converges [1)
which implies that point of convergence is stable] to a non-
Nash equilibrium. We know that the equilibrium solutions of the
ODE [(16) and (17)] that characterize the long term behavior of
DSLPC-I are by definition stationary points. This implies that:
2) DSLPC-I will only converge to stationary points. 1) and 2)
together imply that stationary points that are not Nash equilib-
rium are stable contradicting Remark 1 (a).
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A sketch of the critical point set for a system, along with rep-
resentative integral curves and their trajectories with arrow in-
dicating the flow, is called a phase plane diagram. We use these
diagrams to obtain qualitative information about the solution of
the system of ODE, which is referred to as phase plane anal-
ysis [29]. As (16) and (17) are nonlinear differential equations,
it makes it difficult to solve for the trajectories ex-
plicitly. But we can obtain the trajectories using numerical tech-
niques.

Theorem 2: When the game has only one pure equilibrium,
then the learning algorithm, for any initial condition in ,
always converges to a Nash equilibrium.

Proof: To get some insight into the problem, we first
prove the theorem for a special two users, two strategies
case. When the game has only one pure equilibrium, we have

or .
Without loss of generality, we assume that user one has one
dominant strategy, which means

(18)

Further, from (16) we have

(19)

From (18) and (19), either or , thus
is a monotonic function of , which means is ei-

ther nondecreasing or non-increasing. Also, due to the nature
of the learning algorithm given by (10), all solutions of the
ODE, for initial conditions in , will be confined to . Hence,
by [32], asymptotically all the trajectories will be in the set

. Sup-
pose that converges at .

From (17), we have

(20)

Then we can have two cases as follows.
1) User 2 has not converged before , then for ,

which is a constant. Then, is
monotonic, so is either non-decreasing or nonin-
creasing. Further, due to the nature of the learning algo-
rithm given by (10), all solutions of the ODE, for ini-
tial conditions in , will be confined to . Hence, by
[32], asymptotically all the trajectories will be in the set

.
Hence, converges at .

2) User 2 has converged before , then the set to which it
converges is again.

Thus, from the above analysis, all solutions have to converge to
some stationary points. Since, by Remark 1, all stationary points

that are not Nash equilibria are unstable, for this special case the
theorem follows.

Then, we will prove the general case where there are users,
each with strategies. It can be claimed that, if there is only
one pure Nash equilibrium, then at least there are users
which have a dominant strategy. This statement comes from the
fact that suppose users have dominant strategies, while
two users do not have dominant strategies. Then these two users
can use a nondegenerate mixed strategy in a Nash equilibrium,
which is not dominated. Hence, there exists at least one nonde-
generate mixed Nash equilibrium, which means that, when there
are less than users having a dominant strategy, there may
not be only one pure Nash equilibrium, and proves our claim.

Then, similar to the special case proven above, we can prove
these users’ strategy will converge first then the th user
converges. In this case, let

(21)

For those users having a dominant strategy, if is the dominant
strategy, then , hence ,
otherwise, hence, is monotonic for all .
Due to the nature of the learning algorithm, all solutions of the
ODE, for initial conditions in will be confined to . Hence,
by [32], asymptotically all the trajectories will be in the set

. Similar to the
special case, the th user will converge to the set .

Thus, from the above analysis, all solutions converge to some
stationary points. Since by Remark 1 all stationary points that
are not Nash equilibria are unstable, the theorem follows.

It is well known that there exists at lease one Nash equilibria
in mixed strategies in a finite stochastic game. Nash equilibrium
in mixed strategies may form attractors for DSLPC-I. However,
since the Markov process generated by the updating in
DSLPC-I has absorbing states it is also possible that these mixed
strategies may not be discovered. Based on our simulation re-
sults, in the general case when there may exist multiple equi-
libria or even mixed equilibria in the power control game, the
DSLPC-I will converge to one of the absorbing states. There-
fore, we investigate another discrete learning power control al-
gorithm in Section V which is capable of converging to mixed
Nash equilibrium also.

V. DISCRETE LEARNING POWER CONTROL-II (DSLPC-II)

We propose DSLPC-II as given by (22) to discover mixed
Nash power strategies. This is useful especially when a Nash
power solution in pure strategies does not exist. DSLPC-II is
similar to DSLPC-I except that players update their action prob-
abilities according to the equations in Step 4) of DSLPC-I. See
(22) at the bottom of the page, where is the reward

(22)
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parameter, is the penalty parameter, and
essentially controls the update step size.

To gain insight on the theoretical performance we again con-
sider the simple case of two players each with two pure power
strategies. Let the arbitrary but fixed initial mixed strategies be

and , where and ,
. It can be seen that is a stationary

Markov process. It can be verified by direct computation that it
is distance diminishing and that all the states are nonabsorbing.

Proposition 1: [22] A learning algorithm which is distance
diminishing and has no absorbing states is ergodic.

An immediate consequence of this proposition is that the
probability distribution of the process for large

is independent of the initial values of and . In the
following, our aim is to characterize the asymptotic distribution
of this process. Therefore, define

(23)

where is the game matrix as given in (15). Let denote the
(von Neumann) value of the game (corresponding to the matrix

). We now prove that the DSLPC-II will converge to a Nash
equilibrium which makes converge to the value of the game

. First, we define

(24)

where . As there are only two users
and two strategies, let , ,

, and

(25)

Then, from the game matrix in (15), we get

(26)

and therefore

(27)

Similarly, we can get

(28)

(29)

We consider two separate cases for analysis: case A: only
one mixed equilibrium and case B: only one pure equilibrium
exists. When there are multiple pure equilibria, the DSLPC-II’s
behavior is similar to DSLPC-I as illustrated in the numerical
results section. We first prove two useful lemmas for these two
cases following the technique in [30].

A. Only One Mixed Equilibrium Case
Lemma 1: For every , there exists such

that, for all , there exists a unique
such that and .

Proof: As discussed before, there is only one mixed equi-
librium when ,

, and . We further divide
this case into two subcases:

(30)
(31)

The optimal mixed strategies can be easily shown to be the fol-
lowing:

(32)

where ,
. We first deal with the case in (30). By defining

we see from (32) that . Now, since ,
is a decreasing function of with

if
if
if .

(33)

Also, we observe that, for each fixed , is quadratic
in and at and

at . Therefore, using [30, Lemma A], it
follows that there exists a unique for each
fixed such that . Using a similar argument,
we see that there exists a unique for each
fixed such that . The functions and

when plotted on the unit square have a unique intersec-
tion such that proving the first part
of the lemma.
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Now, by choosing sufficiently small, we see that can
be made close to zero for all and close to unity for all

using [30, Lemma A]. Similarly, can be made
close to unity for all and to zero for all . This
in turn implies that, for any given , there exits
such that, for all , we obtain , proving
the second part. The proof follows along the same lines for the
second subcase in (31).

Lemma 2: is negative definite where is as defined
in Lemma 1.

Proof: We present the proof for subcase in [30] and omit
the proof for subcase in (31) since it follows along similar lines.
Suppose denotes the Jacobian of . Then

where

(34)

When there is only one mixed strategy from Lemma 1, it fol-
lows that, by proper choice of , we can get and

. Then, can be approximated by
and (35), shown at the bottom of the page. If and denote the
trace and determinant of the matrix, then

In learning giving

Therefore, from the Routh–Hurwitz condition [31], all eigen-
values are negative, implying that the matrix is negative definite.

B. Only One Pure Equilibrium Case
Recall that there is only one pure equilibrium if

(36)

The proof of Lemma 1 for this case follows along the same lines
as in Case A, and therefore we omit the details. We provide the
proof for Lemma 2 for this case next.

The condition for only one pure equilibrium can be further
divided into four different subcases. Without loss of generality,
let us consider the case when and are the optimal pure
strategies, which implies that and . For this
subcase, we know that and . Now
can be approximated by , as shown by the last equation
at the bottom of the page. Therefore, as before, we have

and with the assumption that

Therefore, we conclude that this matrix is also negative definite,
completing the proof of Lemma 2 for this subcase.

Proposition 2: For every , ,
and such that, for all and ,

.
Proof: The proof is provided in the Appendix.

(35)
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TABLE I
LIST OF PARAMETERS FOR THE SINGLE-CELL CDMA SYSTEM

USED IN THE EXPERIMENTS

Proposition 2 means that, for the two-user two-strategy case,
the DSLPC-II converges to the Nash equilibrium if there is only
one pure or one mixed equilibrium.

The proposed DSLPC-II algorithm is based on a
learning scheme, which is an ergodic scheme. Therefore, it can
be characterized by a finite ergodic chain. Let be
the transition matrix for a Markov chain. If
exists for all independently of and if , then
we say the chain is ergodic [28]. Hence, we believe that, when
there are multiple equilibria, the algorithm should converge to
those equilibria with fixed probability distribution.

For the more general situation of players, each with
strategies, we resort to simulations and numerical anal-

ysis to investigate the performance of the two proposed algo-
rithms as presented in Section VI.

We note that there exists a speed-accuracy conflict with
the learning algorithms. Let

. In other words, is the probability
with which converges to when the initial probability
is . It was shown that approaches 1 as
tends to zero [28], where and correspond to the penalty and
reward step parameters. Thus, accuracy increases as
decreases. However, the latter implies that the rate of conver-
gence will decrease. Hence, the choice of the functions and

involves a tradeoff between speed and accuracy. This is
a classic problem in stochastic control system. Thus, we note
that the choice of the step parameters and in our algorithms
is application-dependent, which should be done by practical
experiment or training.

VI. NUMERICAL RESULTS

In our simulation-based experiments, we use a single-cell
CDMA system, and the main parameters and variables are listed
in Table I. Path gains are obtained using the simple path loss
model , where is a constant.

First, we consider the learning algorithm in a discrete time
environment with two possible strategies for two mobile users,
which is the case considered for theoretical analysis. Here we
want to illustrate power control using DSLPC-I and show how
the derived ODE [(16) and (17)] trajectories evolve. The two
terminals are assumed to be located at from
the base station. Both of the users have two pure power strategies

. The game matrix for this case is as follows:

(37)

Fig. 3. Evolution of probability of choosing power strategies using DSLPC-I
versus iteration time with two mobile users and two power levels 0.01 W and
0.1 W.

Since , this game falls into category
1, which means that there is just one strict equilibrium, which
is the pair with respective power
strategy pair (0.01 W, 0.1 W). This is a Nash equilibrium.

The probability of user 1 choosing power 0.01 W is
and choosing power 0.1 W is . In the same way, the
probability for user 2 to choose power 0.01 W is and
for power 0.1 W it is . We set the initial values of

and to be equal to 0.5 and the step size parameter .
The proposed DSLPC-I algorithm converges correctly to the so-
lution and , both with probability 1 as de-
picted in Fig. 3, where . Thus, in this two-user
two-action case, a Nash equilibrium in pure strategy is discov-
ered by DSLPC-I. The trajectory of the solutions of the ODE
[(16) and (17)] and are shown in Fig. 4. The ODE solu-
tion is obtained by numerical methods. The parameters and

in that ODE are calculated by the utility function (2). The
arrow shows the flow direction of the trajectory. This trajectory
of the solution of the ODE characterizes the long-term behavior
of DSLPC-I process. We can notice that the curve starts at the
point and ultimately is then attracted by

. It can also be noticed that the actual proba-
bility of evolves in the same way as the ODE
trajectory. The initial probabilities of and do not affect the
convergence of our algorithm to the pure Nash equilibrium. To
show this, we can set , . It is shown in
Fig. 5 that, as we expected, the trajectory still converges to the
same equilibrium solution.

When the power levels are discrete, the pure equilibrium may
not be unique and there may even be mixed equilibrium. When
there are multiple pure strategies, a straightforward strategy
such as a deterministic maximization of the utility function by
every user in each iteration may not converge. It could oscillate
between the two pure strategies depending on the initializa-
tion of the power vectors. However, since DSLPC evolves in
probability space, it may not be attracted by a local maximum
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Fig. 4. Trajectory of ODE and �� ���� � ���� with ���� � ���� � ���.

Fig. 5. Trajectory of ODE with ���� � ���, ���� � ���.

equilibrium. To illustrate this, we construct an example as fol-
lows. Two users are located at from the base
station with two pure power strategies W W .
The probability for user 1 to choose power 0.003 W is denoted
by and for power 0.975 W it is . Similarly,
the probability for user 2 to choose power 0.003 W is
and to choose power 0.975 W is . The game matrix
for this game is given as

(38)

Since , ,
and , this game falls into category
2, which means there are two pure equilibria and one mixed
equilibrium. As we can see, the two pure Nash equilibria are

and
with power strategy pairs (0.003 W, 0.003 W) and (0.975 W,

Fig. 6. Oscillations exhibited by a deterministic iterative utility maximization
solution.

Fig. 7. Paths induced by DSLPC-I with different initial values of ���� and
����.

0.975 W), respectively. It is obvious that the first equilibrium is
better than the second one. Thus, it is desirable for the power
control algorithm to converge to the first equilibrium. With ini-
tial power strategy pair close to (0.003 W, 0.003 W), a deter-
ministic iterative maximization will converge to the first equi-
librium and, with an initialization close to (0.975 W, 0.975 W),
it will converge to the second equilibrium. However, with for
initial values near (0.975 W, 0.003 W) or (0.003 W, 0.975 W),
it will not even not converge but oscillate as shown in Fig. 6.
While using DSLPC-I, except for the extreme cases, for almost
all other initial probabilities, it converges to the first equilibrium
as illustrated in Fig. 7. In this figure, we have plotted for both
players the probability of choosing their first strategy (in this
case 0.003 W). As starting points for the DSLPC-I algorithm
we chose eight different initializations. For every initialization,
we observe that DSLPC-I converges to the desired equilibrium.
Every path plotted is an average of ten runs. This illustrates the
robustness of DSLPC-I to initializations. For the extreme cases
when the initial probabilities are too close to the equilibrium
points (e.g., with , ), DSLPC-I will
converge to the corresponding equilibrium. However, we can
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Fig. 8. Evolution of the probability of choosing power strategies using
DSLPC-II versus iteration time with two mobile users and two power levels
0.01 W and 0.1 W.

Fig. 9. Utilities at equilibrium of NPG with continuous power space and
DSLPC-I with � � ����.

always keep those situation from happening by setting all the
initial action probabilities equally likely.

Next, we study the DSLPC-II algorithm also in a two-user
two-strategy case. We use the same setup as the one used for
evaluating DSLPC-I. With parameters and ,
the DSLPC-II algorithm is seen to converge to the optimal
strategy, as shown in Fig. 8.

Further, for a more general case, we consider that the system
has nine users located at distances

m

from the base station with multiple power levels (more than
two). The discrete power levels we used are in the range from
0.001 W to 1 W equally spaced by 0.02 W. The parameter
choice is made in our simulation. The learned
equilibrium utilities for individual mobile users are depicted

Fig. 10. Powers at equilibrium of NPG with continuous power space and
DSLPC-I with � � ����.

Fig. 11. DSLPC under fading channels.

in Fig. 9. For comparison, the game equilibrium assuming
continuous power values are also shown there. It is clear that
the continuous power value assumption produces higher utility
values. From the figure, we see that DSLPC-I performs quite
well and the gap due to the power level discretization and the
upper bound is relatively small. The corresponding equilibrium
powers are displayed in Fig. 10. We note that DSLPC-II also
provides similar performance in this case. We note that, when
pricing is added, then the utilities may improve significantly.
DSLPC can easily be modified to add pricing by changing the
utility function used as our payoff.

Actually, the wireless channel statistic is varying in time. It
is interesting to investigate the performance of our proposed
power control algorithms in the environment of fading channels.
Without loss of generality, we exam the DSLPC-I algorithm
under Rayleigh fading channels. The Doppler shift is modeled
according to “Jakes spectrum.” The slot duration is 1.25 ms, and
the number of samples per slot is 5. We simulated a system with
two terminal users, moving at 60 km/hr. As shown in Fig. 11,
when the terminal is in deep fade, the user’s utility value will be
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