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Abstract— Distributed power control is an important issue in
wireless networks. Recently, due to the bursty nature of data
communication, packet switching is used in cellular systems. In
addition, majority of previous power control algorithm assume
that the transmitter power level can take values in a continuous
domain. However, recent trends such as the GSM standard
and QUALCOMM’s proposal to the IS-95 standard use a finite
number of discretized power levels. These motivate the need to
investigate solutions for distributed discrete power control for
bursty transmission. We first note that, by simply discretizing
the previously proposed continuous power adaptation techniques
will not suffice. This is because, a simple discretization does not
guarantee convergence and uniqueness. On the other hand, the
conventional analytical model based on mean values may be too
optimistic and the analysis assuming that the data subscribers
are always transmitting may be too pessimistic to evaluate
the system performance. Therefore, we propose a probabilistic
power adaptation algorithm and analyze its theoretical properties
along with the numerical behavior for bursty transmission.
We approximate the discrete power control iterations by an
equivalent ordinary differential equation (ODE) to prove that the
proposed stochastic learning power control algorithm converges
to a stable Nash equilibrium. Conditions when more than one
stable Nash equilibrium may exist are also studied. Experimental
results are presented for several cases and the impact of data
burstiness on the proposed algorithm is also concerned.

I. I NTRODUCTION

Due to the increased demand for wireless services, efficient
use of available resources is important. Power control which
mitigates unnecessary interference and saves the battery life
of mobile users is a useful technique. Naturally, on one hand
mobile users prefer to transmit at a lower power for a fixed
signal to interference ratios (SIR) and on the other hand,
for a given transmitter power, they prefer to obtain a better
SIR. This observation motivates a reformulation of the power
control problem using concepts from microeconomics and
game theory. The framework was originally proposed in [1]
for voice traffic, where a utility function is defined for each
mobile user. The utility function reflects the user’s preference
regarding the SIR and the transmitter power. This concept is
extended for power control in wireless data networks in [2]
and [3], where throughput per battery life is chosen as the
utility function, which seems to be a practical metric.

In most of the previous studies, the transmitter power level
can assume any continuous value in a domain. However,
in digital cellular system or future PCS systems, the power

level is quantized into discrete values [4]. Therefore it is
not clear how to apply those power control algorithms into
a practical power-quantized system. Some previous work in
this direction can be found in [5] and [6]. Discrete power
control algorithms were developed based on conventional
continuous framework.However, it is shown in [6] that by
simply “discretizing” the continuous power control algorithm,
the convergence and uniqueness of the continuous power
control are lost.Hence, discrete transmission power control
may need separate analysis onconvergenceand uniqueness
issues. Without loss of generality, in this paper we focus on
one of the game theory framework for wireless data networks
proposed in [3]. In order to alleviate some of the problems in
using previews, noncooperative power control strategies in the
quantized-power levels set-up, we propose a discrete stochastic
learning power control.

In traditional telephony systems, the calls have been circuit-
switched, meaning that the call occupies one channel through-
out the call. Due to the bursty nature of data communica-
tion this is inefficient, and instead packet switching can be
used, where the data is divided into packets and transmitted
independently. On the source level, data traffic is commonly
modelled by an ON/OFF source model. Different distributions
of ON/OFF-periods (e.g. exponential or heavy-tailed) have
been adopted for data communications. Some pioneering work
dealing with bursty data transmissions is reported in [7]
and [8]. Because of the stochastic nature of our proposed
algorithm, it can adapt well to the bursty data transmissions.

II. PROBLEM FORMULATION

A. Utility Function and Noncooperative Power Control Game

We first define the utility function for the power control
game. Let the power vectory = (y1, ..., yN ) ∈ Y denote the
selected power levels of all the users, whereyj ∈ Yj is the
power level selected by userj, Yj is the strategy set for user
j and Y is the set of all power vectors. The resulting utility
value for thejth user isuj(y). To emphasize that thejth user
has control over its own poweryj only, we use an alternative
notationuj(yj , y−j), wherey−j denotes the vector consisting
of elements ofy other than thejth element. The utility of user
j obtained by expending poweryj can be expressed as [3],



uj(yj , y−j) =
LR

Myj
f(γj)

bits

joule
, (1)

where L is the information bits in frame (packets) ofM > L
bits at a rateR b/s usingyj Watts of power. The efficiency
function f(γ) is defined asf(γ) = (1− 2Pe)M , wherePe is
the bit error rate (BER). For example, if non-coherent FSK
modulation scheme is used, then we havePe = 0.5e−

γ
2 , and

γj (SIR of userj) is defined as,

γj =
W

R

hjyj∑
i 6=j hiyiXi + σ2

, (2)

and we assume that transmissions are slotted and mobiles
have two modes of transmissions: on and off. letXi be the
activity indicator for mobilei, i.e., Xi ∈ {0, 1} and Xi = 1
if and only if the mobile is active at a point in time. W is the
available spread-spectrum bandwidth [Hz],σ2 is the AWGN
power at the receiver [Watts], and{hj} is the set of path gains
from the mobile to the base station.

In the noncooperative power control game each user max-
imizes its own utility in a distributed fashion. Formally, the
NPG is expressed as:

(NPG) maxyj∈Yj uj(yj , y−j) for all j ∈ N. (3)

The solution of this NPG is given in the sense of theNash
equilibrium [10]. The existence and uniqueness of the NPG
equilibrium has been shown in [3] for continuous power space
for mobile users.

B. Discrete Stochastic Learning Power Control Game

In the stochastic learning game, the mobile users act as
players or learning agents who participate in the power control
game. The objective of each player is to maximize its expected
payoff, which reflects the satisfaction of the players. And the
payoff is measured in utility (e.g. Eq. (1)). The game is played
repeatedly to learn the optimal strategies. Each individual
automata (or mobile user) may not be aware of the number of
mobile users participating in the game, the strategies available
to the other users, and the responses for each possible play. The
only information a player knows is its payoff after each play,
based on which, the player learns the optimum strategy. The
user’s strategy is defined in probability. A strategy for playeri
is defined to be a probability vectorpi = [pi1, ..., pim]t, where
playeri chooses actionj (or power levelyij) with probability
pij . Because each mobile user can only choose a power level
from a finite discrete set,yij ∈ Yi should be a finite discrete set
with dimensionmi. Then we can define the expected payoff
for player i asgi given by,

gi(p1, ..., pN ) = E[ui|jth player employs strategy

pj , 1 ≤ j ≤ N ] =
∑

j1,...,jN

di(j1, ..., jN )
N∏

s=1

psjs ,
(4)

wheredi(j1, ..., jN ) = E[ui|player s chose
action js, js ∈ Ys, 1 ≤ s ≤ N ].

Definition 1The N-tuple of strategies(po
1, ..., po

N ) is said to
be aNash equilibrium, if for eachi, 1 ≤ i ≤ N , we have

gi(po
1, ..., po

i−1, po
i , po

i+1, ..., po
N )

≥ gi(po
1, ..., po

i−1, pi, po
i+1, ..., po

N )
∀ probability vector pi ∈ [0, 1]mi .

(5)

In general, eachpo
i above will be a mixed strategy and we

refer to (po
1, ..., po

N ) satisfying Eq. (5) as a Nash equilibrium
in mixed strategies. With this definition, when there is no
pure equilibrium as maybe the case in the discrete power
control game, we can come to a mixed Nash equilibrium.
It is well known that every finite strategic-form game has
a mixed strategy equilibrium[10]. With this theory, there
always exists a Nash equilibrium in our formulation. A Nash
equilibrium is said to be inpure strategies if(po

1, ..., po
N ) is a

Nash equilibrium with eachpo
i being a unit probability vector.

The proposed algorithm used by each of the user is as given
below:

1) Set the initial probability vectorpi(0).
2) At every time stepk, each active user chooses a power

according to its action probability vectorpi. Thus, the
ith player chooses actionai at instantk, based on the
probability distributionpi(k).

3) Each active player obtains a payoff based on the set of
all actions. The payoff to playeri is ui(k), which is
normalized.

4) Each active player (i) updates its action probability
according to the rule:

pij(k + 1) = pij(k)− bui(k)pij(k) a(k) 6= yj ,

pij(k + 1) = pij(k) + bui

∑

s 6=j

pis(k) a(k) = yj ,

i = 1, ..., N, j = 1, ..., mi. (6)

where0 < b < 1 is the step size, andui is normalized
to lie in the interval(0, 1).

5) If pi converges, stop. Otherwise, go to step 2).

This update is known as linear reward-inaction (LR−I ) [9].
Let P (k) = (p1(k), ..., pN (k)) denote the state of the
power strategies at instantk. Under this learning algorithm,
{P (k), k ≥ 1} is a Markov process.LR−I scheme is known
to be ε-optimal (ε > 0), i.e., upon convergence, the solution
discovered by this scheme will produce a value for the
objective function that is withinε of the optimal value.

We normalize the payoff{ui} asui = ūi−A
B−A i = 1, 2, ..., N,

whereA = mini{ūi} andB = maxi{ūi}. ūi is the utility of
useri. In our system,A can just be set to 0 since0 ≤ ūi, ∀i,
but it is not realistic to knowB in advance. So what we do
for the normalization is that we update the maximum valueB
dynamically. That is, first we initializeB = 0, then at instance
k, if ūi(k) > B, let B = ūi(k), otherwise keepB unchanged.
We note that this normalization does not affect our theoretical
results. ThisB is not the actual maximum value of̄ui, but is
an overestimate value. But this is perhaps the best we can do
without advance information. Alternatively, we could choose
B to be a large constant. But as one can imagine, choosing



B too large compared tōui will significantly decrease the
convergence speed of the proposed algorithm since allui

will be small values. Although we introduced this dynamic
normalization in our algorithm, based on the above comments,
we assume in our theoretical analysis that the normalization
has already been carried out.

III. T HEORETICAL ANALYSIS OF DISCRETESTOCHASTIC

LEARNING POWER CONTROL

The proposed power control algorithm is an iterative
stochastic process, so we need to characterize the long term
behavior of this process. Our analysis resorts to an ordinary
differential equation (ODE) whose solution approximates the
asymptotic behavior ofP (k) if the step size parameterb
used in Eq. (6) is sufficiently small. We can represent the
learning algorithm given by Eq. (6) asP (k + 1) = P (k) +
bG(P (k), a(k), u(k)), wherea(k) = (a1(k), ..., aN (k)), and
u(k) = (u1(k), ..., uN (k)). Then we define a functionf
as f(P ) = E[G(P (k), a(k), u(k))|P (k) = P ]. With initial
vectorP (0) = P0, the sequence{P (k)} will converge weakly,
asb → 0, to P ′ which is the solution of the ODE [12]

dP

dt
= f(P ), P (0) = P0. (7)

First we analyze a relatively simple two-player two-power
level data transmission stochastic power control game. The
game is defined by the following pair of game matrices
(general sum game):

R =
[
r11 r12

r21 r22

]
; C =

[
c11 c12

c21 c22

]
(8)

specifying the utility payoffs for the row player (user 1) and the
column player (user 2) respectively. If the row player chooses
power (action)i ∈ {1, 2} and the column player chooses
power j ∈ {1, 2} the payoff to the row player isrij and
the payoff to the column player iscij . In addition, when only
user 1 is active the payoff isri0, and only user 2 is active
the payoff isc0j . Let 0 ≤ α ≤ 1 denote the probability of
the row player picking action1 and let 0 ≤ β ≤ 1 denote
the probability of the column player picking action1. And let
pon
1 , pon

2 denote the probability of user 1 and user 2 are active
respectively. Then, we can express the differential equation in
Eq. (7) whose solution characterizes the long term behavior
of the proposed algorithm explicitly as:

f11 =
dp11

dt
=

dα

dt
= pon

1 (α(1− α)E[u1|P, a1 = y11]+

(1− α)(−α)E[u1|P, a1 = y12])
= pon

1 (α(1− α)[pon
2 (βr11 + (1− β)r12) + (1− pon

2 )r10]
+(1− α)(−α)[pon

2 (βr21 + (1− β)r22) + (1− pon
2 )r20]),

(9)

f21 =
dp21

dt
=

dβ

dt
= pon

2 (β(1− β)[pon
1 (αc11 + (1− α)c21) + (1− pon

1 )c01]
+(1− β)(−β)[pon

1 (αc12 + (1− α)c22) + (1− pon
1 )c02]).

(10)

By setting the left hand side of Eq. (9) and Eq. (10) to zero, we
can solve for thecritical point (e.g. (α∗, β∗)) of the system,
and the corresponding constant solutionα(t) ≡ α∗, β(t) ≡ β∗,
which is called an equilibrium solution. We can easily see that
all pure strategies here are equilibrium solutions, since at a
pure strategy, eitherα = 0 or α = 1, which makesf11 = 0.
Similarly, β = 0 or β = 1 is also an equilibrium solution from
Eq. (10).

A critical point (xo, yo) is stable if any trajectory that begins
near (within δ-neighborhood of) the point(xo, yo) remains
near (withinε-neighborhood of) this point. If all the trajecto-
ries that start near a stable critical point actually approach it as
t →∞, then the critical point is asymptotically stable. Thus if
the ODE has an asymptotically stable stationary point (critical
point) P o, then for all initial conditions sufficiently close to
it, the proposed algorithm essentially converges toP o.

Remark 3.1We know that [11] (a) all stationary points
(critical points) that are not Nash equilibrium are unstable, and
(b) all pure strategies that are strict Nash equilibria are asymp-
totically stable, which can be proved throughLyapunov’s
stability theorem[14].

Theorem 1:The proposed algorithm will never converge to
a point which is not a Nash equilibrium.

Proof sketch:Suppose that the proposed algorithm eventu-
ally converges to a point ((i)which implies that point is stable),
that is not a Nash equilibrium. The equilibrium solutions of the
ODE (Eq. (9) and Eq. (10)) which characterize the long term
behavior of the proposed algorithm are by definition stationary
points. This implies that: (ii). the proposed algorithm will
only converge to the stationary points. (i) and (ii) imply that
stationary points that are not Nash equilibrium are stable.
This contradictsRemark 3.1 (a). Therefore, the proposed
algorithm will never converge to a point which is not a Nash
equilibrium.¥

A sketch of the critical point set for a system, along with
representative integral curves and their trajectories with arrows
indicating the flow, is called a phase plane diagram. We use
these diagrams to obtain qualitative information about the
solution of the system, which is referred to as phase plane
analysis [13]. As Eq. (9) and Eq. (10) are nonlinear differential
equations, it makes it difficult to solve for the(α(t), β(t))
trajectories explicitly. But we can obtain the trajectories using
numerical techniques. As we show later, the phase plane
diagram for(α(t), β(t)) shows that, when there is no limit
cycle, the proposed algorithm will eventually converge to one
of the asymptotically stable points.

IV. N UMERICAL RESULTS

In our simulation experiments, we use a single cell CDMA
system. The path gains are obtained using the simple path
loss modelhj = K/d4

j where K = 0.097 is a constant.
We also useM = 80bits, L = 64bits, W = 1MHz,
δ2 = 5×10−15Watts, p̂ = 1Watt, andR = 104bits/sec. The
utility function given in Eq. (1) was used. First, we consider
the proposed algorithm in a discrete time environment with
two possible power levels for two mobile users. We use this
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Fig. 1. Choice probability of the power strategies vs. number of iterations
for two mobile users continuous transmission case with two power levels
{0.01Watts, 0.1Watts}. Convergence of power strategies is seen to con-
verge to the optimal values.

example to illustrate how the proposed algorithm works and
how the derived ODE’s (Eq. (9) and Eq. (10)) trajectories
evolve. The two terminals are located atd = [300, 600]
meters from the base station. Both users have two pure power
strategiesY = {0.01Watts, 0.1Watts}. The probability of
user 1 choosing power 0.01Watts at time slotk is α(k) =
p11(k), and choosing power 0.1Watts is1 − α(k) = p12(k).
In the same fashion, the probability of user 2 choosing power
0.01Watts isβ(k) = p21(k), and choosing power 0.1Watts is
1 − β(k) = p22(k). We set the initial probabilities forα(0)
and β(0) equal to 0.5, and the step size parameterb = 0.1.
For continuous transmission, wherepon

1 = pon
2 = 1, we

observe that the proposed algorithm converges to the solution
y1 = 0.01 andy2 = 0.1, both with probability 1, as depicted
in Fig. 1, whereα → 1 and β → 0. And when for bursty
transmission, wherepon

1 = pon
2 = 1, the proposed algorithm

converges to the solutiony1 = 0.01 andy2 = 0.01, both with
probability 1. By solving theoretically for the Nash equilibrium
using game matrices (as given in Eq. (8)) for this power set, we
see that there is only a unique pure Nash equilibrium,because
(r11 − r21)(r12 − r22) > 0. Thus, in this two-user two-power
level case the Nash equilibrium in pure strategy is discovered
by the proposed algorithm. The trajectory of the solutions of
the ODE (Eq. (9) and Eq. (10)) is shown in Fig 2, which is
obtained by numerical methods. Ther′s and c′s in the ODE
were calculated using the utility function given by Eq. (1).
The arrows show the flowing direction of the trajectory. This
trajectory of the ODE characterizes the long term behavior of
the stochastic learning process. We can notice that the curve
starts at the initialization point(α(0) = 0.5, β(0) = 0.5)
and ultimately is attracted to the point(α = 1, β = 0) and
point (α = 1, β = 1) respectively for continuous transmission
(pon

1 = pon
2 = 1) and bursty transmission (pon

1 = pon
2 = 0.5).

This is the behavior we observe in our simulation results also
as seen in Fig. 1.

As noted previously, when the power levels are discrete
there could be more than one equilibrium consisting of both
pure and mixed strategies. For the two-user two-power level
case, the game equilibrium can be classified into 3 categories.
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Fig. 2. The trajectory of ODE withα(0) = β(0) = 0.5.

For multiple user(N > 2), multiple power level case, the
existence of multiple equilibrium will be pronounced. If the
deterministic iterative algorithm proposed in [3] is used to
solve the discrete power level NPG, then depending on the
initialization of the power levels, the algorithm may converge
to one of the pure equilibria or could oscillate between
them without convergence. This is because that deterministic
algorithms work on the objective function space. On the other
hand, the proposed algorithm operates on the probability space
and for an unbiased initialization in probability, converges
to the best optimal equilibrium strategy. To illustrate this,
we construct an example withpon

1 = pon
2 = 1 as follows.

Let two terminals be located atd = [300, 600] meters from
the base station. Both users have two pure power strategies
Y = {0.003Watts, 0.975Watts}. let the probability of user
1 choosing power 0.003Watts beα(k) = p11(k), and choosing
power 0.975Watts be1 − α(k). In the same fashion, let the
probability of user 2 choosing power 0.003Watts beβ(k) =
p21(k), and choosing power 0.975Watts be1−β(k). The game
matrices for this game are given below,

R =
[
2.6667 0.0019
0.0082 0.0082

]
× 106,C =

[
1.3018 0.8205
0.0000 0.0224

]
× 104.

Since(r11 − r21)(r12 − r22) < 0, (c11 − c12)(c21 − c22) < 0,
and (r11 − r21)(c11 − c12) > 0, there are 2 pure equi-
libria and 1 mixed equilibrium. As we can see, there are
two pure Nash equilibria pair(2.667 × 106, 1.3018 × 104)
and (0.0082 × 106, 0.0224 × 104) with power strategy pair
(0.003Watts, 0.003Watts) and (0.975Watts, 0.975Watts)
respectively. It is obvious that the first equilibrium is better
than the second one. So we would like the power control
algorithm to converge to the first one. Suppose we use the
iterative power control algorithm (NPG) proposed in [3] with
initial power strategy pair(0.003Watts, 0.003Watts) which
means initially player one chooses power level0.003Watts
and player two chooses power level0.003Watts, it will
converge to the first equilibrium, but with strategy pair
(0.975Watts, 0.975Watts) it will converge to the sec-
ond equilibrium. When with(0.975Watts, 0.003Watts) or
(0.003Watts, 0.975Watts) it will even not converge but
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Fig. 3. Evolution of power strategies (probabilities) for different initial values
of α(0) andβ(0). Convergence is seen to be robust to initializations.

oscillate between two possible strategies. While using the pro-
posed algorithm, except for the extreme case where the initial
power strategy probabilities are biased very much towards
the second equilibrium, it will converge to the first (better)
equilibrium. This is illustrated in Fig. 3. More specifically,
this figure shows the trajectories ofα(t) andβ(t) for different
initializations,α(0) andβ(0). Here,α(t) is the probability of
user 1 choosing its first power strategy(0.003Watts) andβ(t)
is the corresponding value for the second user. As you can see
all the sample paths of the proposed learning process converge
to the optimal strategy(α = 1, β = 1) independent of their
initial probability.

In the next experiment we evaluate the outcomes of games
with bursty transmissions. Each user has 100 discrete power
levels. The probability of transmissions of user1 and 2 in a slot
is denoted by (Probability of user1 is on, Probability of user2 is
on) and we test four cases:(1, 1), (0.5, 0.5), (1, 0), (0, 1). The
first case:(1, 1) is the complete information game when both
users continuously transmit data and is identical to previous
experiment. The(0.5, 0.5) case is the incomplete information
game that both users may transmit data with a50% chance.
The last two cases are the cases when a single user transmits
data. Additionally, we vary the distance of mobile users to base
station. The results are present in Fig. 4. As one would expect,
when a single user is transmitting, it has no interference from
other users, it requires the lowest equilibrium power. When
both users have a50% chance of transmission, the equilibrium
transmit power is in between the case where both users are
always transmitting (e.g.(1, 1)) and the user is by itself
(e.g. (1, 0)). Similar results were reported in [8], where the
solution is calculated by centralized Newton’s method which is
impractical in implementation. In addition, for a more general
case of9 users, each with50 power levels, our simulation
shows the proposed algorithm will also converge to the optimal
equilibrium.

V. CONCLUSION

A distributed discrete stochastic learning based power con-
trol algorithm for wireless data network is proposed. The
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Fig. 4. Equilibrium transmitted power of user1 and user2

proposed method evolves in probability space, thus may not
be attracted by local maximum solutions. At each iteration,
for an individual mobile user only one feedback payoff from
the base station is used to update the power strategies, which
significantly reduces the communication between base station
and mobile users, and simplifies the control signaling. The
proposed algorithm is shown to converge to the Nash equilib-
rium, robust to initial values and can handle bursty as well as
continuous data transmission.
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