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Abstract— In this paper, we present a network flow based
approach for network selection for secondary users in cognitive
radio networks. Most approaches in the current literature on
cognitive radio do not consider network selection. We present
a network flow framework for network selection. We show that
our approach can enable re-assignment of networks to secondary
users and also re-assignment of channels to secondary users
within the same network. The assignments and re-assignments
take into account, the interference caused to primary users, the
price each secondary user is willing to pay and the quality of
service (QoS) obtained by each secondary user.
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I. I NTRODUCTION

The developments in software defined radio (SDR) and
cognitive radio networks resulted in the paradigm of users
sharing spectrums on an opportunistic basis. Users belong-
ing to one network sense spectrum opportunities in another
network and contend for the unused spectrum in this second
network. The users thereby become “secondary” users in the
second network. Users that originally subscribed to the second
network are called “primary users.” The combined interference
caused by all secondary users to existing primary users should
be below a specified threshold. In [1], Liu and Wang present
the characteristics of spectrum agile networks and study them
based on two metrics-a) the effective non-opportunistic
bandwidth andb) the space bandwidth utilization. A more
comprehensive survey of cognitive radio networks is presented
in [2].

Cognitive radio networks have been studied from a resource
allocation perspective. Different approaches like graph theo-
retic models [3], game theoretic models [4],[5] and learning
automata [7] have been studied. Spectrum assignment and
resource allocation for cognitive radio networks based on
graph coloring approaches were studied in [3]. The authors
provide heuristics for spectrum assignment for different fair-
ness criteria and evaluate them. In [4], Larcheret al. present
an n player non-cooperative game theoretic approach for
secondary user spectrum access. A utility function based
on the access delay and collision probability was proposed,
and the existence and convergence to a Nash equilibrium
was shown. In [5], Xinget al. presented the homo-egualis
game theoretic model for secondary user spectrum access in
which users were modeled to behave like a human society
to reduce the unfairness in spectrum access. In [7], Xinget
al. presented a learning automata based approach where users
were classified as quality sensitive and price sensitive users

and the price dynamics were studied. Achievable capacity in
cognitive radio networks was studied by Devroyeet al. in
[6]. The authors considered cases of genie aided cognitive
radio channel where the receiver is non causally provided
the message from the transmitter in an interference channel
and then compare this with the case of causal cognitive radio
channel and obtain an achievable capacity region.

Most approaches in the literature however did not consider
re-assignment of secondary users to networks and also did
not consider allocation of secondary users to networks. Users1

choose networks based on several factors that include signal
strength, QoS and price. Also, re-assignment of users to
different networks or different channels in the same network
could result in a better spectrum utilization. In this paper, we
apply the theory of network flows [8] to determine an optimal
allocation of users to networks based on factors like QoS,
interference thresholds on primary users and price.

The rest of the paper is organized as follows. In Section II,
we present the system model. In Section III, we present the
network flow framework formulation. Section IV presents the
conclusions.

II. SYSTEM MODEL

Our objective is to obtain a framework to allocate secondary
users to different available networks. Each useri enters the
system with a minimum rate requirement and is willing to
pay a maximum price. There aren networks and each network
contains a specified number of channels that can be used by a
secondary user. Any secondary user, when allocated a channel
in a network, causes interference to the primary users in the
network. It is desired to limit the maximum interference to
the primary users below a specified threshold. Users are to be
assigned to networks to satisfy all the above constraints. We
make the following assumptions:

• There areM usersm1, m2, · · ·, mM and n networks,
S1, S2, · · ·, Sn in the system.

• The ith user in the system has a minimum rate require-
mentrmin

i

• The ith user in the system can pay a maximum price
Pmax

i .
• Network Sk containsNk channels,f1k, f2k, · · ·, fNkk,

available for transmission.F
△
=

∑n

k=1
Nk.

• The usersm1. m2, · · ·, mM are all secondary users to
networksS1, S2, · · ·, Sn.

1Henceforth, throughput the paper, whenever we mention “users,” we mean
“secondary users” unless explicitly mentioned otherwise.



• A user who is assigned channelfjk in networkSk causes
hjk units of interference to a primary user in the network
Sk.

• In any networkSk, a channelfjk can be assigned to at
most one user.

• In any networkSk, the maximum tolerable interference
to any primary user on channelfjk is ǫjk.

• In any networkSk, the maximum possible rate of trans-
mission on channelfjk is Rmax

jk .

III. N ETWORK FLOW FORMULATION

In this section, we present the network flow formulation
for assignment of users to networks. The network graph
representation of a cognitive radio system is as shown in Fig.
1. In Fig. 1, Nodemi, 1 ≤ i ≤ M represents theith user,
nodefjk denotes thejth channel in thekth network and node
Sk denotes thekth network. Nodess and t denote dummy
source and sink nodes, respectively.
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Fig. 1. A network graph representation of cognitive radio systems.

A directed edge(s, mi) exists to all users. A directed edge
(mi, fjk) exists if usermi can use channelfjk, i. e., usermi

senses channelfjk to be available. A directed edge(fjl, Sk)
exists if and only ifl = k. Edges(Sk, t) exists∀ k. Finally,
there is a dummy directed edge fromt to s, which translates
the minimum cost flow problem to the max flow problem.

Along any edgee, the flow on the edge is represented as
[

x1
e x2

e x3
e x4

e

]

. x1
e denotes the price parameter on the

edge,x2

e denotes the interference parameter,x3

e denotes the
rate of transmission, andx4

e denotes usage of a particular
channel in a network. For edgese of the form (s, mi), the
flow termx1

e denotes the price paid by usermi. For any edge
e of the form(mi, fjk), x2

e denotes the interference caused by
usermi to a primary user in networkSk using channelfjk,
andx3

e denotes the rate at which usermi transmits on channel
fjk in networkSk. For any edgee of the form(fjk, Sk), the
flow term x2

e denotes the total interference experienced by a
primary user on channelfjk in network Sk, and x4

e = 0 if
channelfjk is not assigned to any user in networkSk and
x4

e = 1 otherwise.

Capacities of any edge e is of the form
[

u1

e u2

e u3

e u4

e

]

. From the system model described in
Section II, the capacities of edges are obtained as follows:
For any edgee of the form (s, mi), u1

e = Pmax

i , and
u2

e = u3
e = u4

e = ∞. The first capacity parameter denotes the
maximum price the user can pay. For any edgee (mi, fjk),
u1

e = u2

e = u3

e = u4

e = ∞. For edge(fjk, Sk), u1

e = ∞,
u2

e = ǫjk, u3
e = Rmax

jk , andu4
e = 1. The capacity parameter

u4

e = 1 ensures that no two users in the same network use
the same channel. Finally, for the edge(Sk, t) and the edge
e = (t, s), u1

e = u2

e = u3

e = u4

e = ∞. Each edgee also has
a lower bound of the form

[

l1e l2e l3e l4e
]

. From the
system model described in Section II, for edges of the form
e = (s, mi), l3e = rmin

i , lLe = 0, L = 1, 2, 4. For e 6= (s, mi),
lLe = 0, L = 1, 2, 3, 4.

Associated with each edgee is a cost vector of the form
Ce =

[

C1

e C2

e C3

e C4

e

]

. For every directed edgee =

(x, y) in the graph, ife
△
= (y, x), thenCL

e = −CL
e , L = 1, 2,

3, 4. For the edgee = (t, s), CL
e ≤ 0, L = 1 ,2, 3, 4.

Let φL ∈ [0, 1], be the the weight given to flow parameterL,
L = 1, 2, 3, 4, and let

∑

4

L=1
φL = 1. The network selection

problem for secondary users can then be the formulated as the
following optimization problem:

Minimize

4
∑

L=1

∑

e∈A

φLCL
e xL

e (1)

subject to

lLe ≤ xL
e ≤ uL

e ∀e ∈ A L = 1, 2, 3, 4 (2)

and

∑

j:(i,j)∈A
xl

ij
−

∑

j:(j,i)∈A
xl

ji
= 0. ∀i ∈ N L = 1, 2, 3, 4. (3)

The above optimization problem is the multi-commodity
minimum cost flow problem [8] without the bundle constraints.
The weight parameterφL given to each flow parameter spec-
ifies which, among factors like network price, signal strength
and QoS, needs to be given additional weight for a secondary
user to choose a network.

When a new user enters the system, it is of interest to check
if the new user can be allocated to any network in the system.
The graph is then modified to include the new user and the
minimum cost flow problem is solved for the new graph which
includes the new user. The following Lemma and Theorem
specify a sufficient condition for admitting new users.

Lemma 3.1: If a flow augmenting path froms to t includes
the newly added nodemi, then there exists a channel and
network assignment to usermi which is feasible.

Proof: Let the flow augmenting path directed froms to
t be s → mi → fjk → Sk → t. Since the specified path is a
flow augmenting path, is satisfies the constraints (2) and (3).
The path also indicates that usermi can use channelfjk in
networkSk. Hence assignment of channelfjk in networkSk

is a feasible assignment.

2



Theorem 3.1: A newly arriving secondary usermi can be
assigned a channel on a network and hence be admitted if and
only if there exists a flow augmenting directed path froms to
t which includesmi.

Proof: The sufficiency part of the Theorem was already
shown in Lemma 3.1. Consider a new usermi that has arrived
but there is no flow augmenting path froms to t throughmi.
This indicates that all paths froms to t throughmi have at
least one saturated edge. This implies that it is not possible to
assign any of the available channels in any of the networks to
mi. This is because, such an assignment would result in an
increase in the flow parameters corresponding to edges of the
form (mi, fjk) for somej and k, thus resulting in violation
of constraints (2). Therefore,mi cannot be admitted in the
system. Therefore, formi to be admitted, a flow augmenting
path is essential.

2

Users can be re-assigned channels in the same network
(called intra-network handoff) or re-assigned to different net-
works (called inter-network handoff) depending on signal
strength, QoS and price. A usermi who is initially assigned
channelfjk in networkSk can be re-assigned to channelfj′k

in network Sk (i. e., undergoes an intra-network handoff) or
to channelfj′′k′ in network Sk′ (i. e., undergoes an inter-
network handoff). In the case of the intra-network handoff,
the re-assignment is equivalent to reducing the flows on edges
of the form(mi, fjk) and(fjk, Sk), and increasing the flows
on edges of the form(mi, fj′k) and (fj′k, Sk). In the case
of the inter-network handoff, the re-assignment is equivalent
to reducing the flows on edges of the form(mi, fjk) and
(fjk, Sk), and increasing the flows on edges of the form
(mi, fj′′k′) and(fj′′k′ , Sk′). However, there could be multiple
re-assignments. For example, consider a usermi using channel
fjk on networkSk and another usermi′ using channelfj′k

in networkSk. If usermi′ is re-assigned some other channel
fj′′k′ in networkSk′ , then channelfj′k also becomes available
for use to usermi. This re-assignment results in the undirected
paths− mi − fjk − Sk − fj′k − mi′ − fj′′k′ − Sk′ − t along
which flows are augmented. It is noted that directed edges of
the form (Sk, fj′k) and (fj′k, mi′) do not exist in the graph
and hence flows and costs on these edges would be negative.

Since re-assignments involve additional costs, it is of in-
terest to compute the number of re-assignments possible.
The following Lemma and Theorem provide a bound on the
number of re-assignments.

Lemma 3.2: Consider the flow vectorxL (L = 1, 2, 3,
4)2. Let x∗L be the optimal flow vector for commodityL.
x∗L − xL can be decomposed into at most|A| number of
negative cost directed cycles, where|A| is the number of edges
in the network.

Proof: Consider any feasible flow vector,xL, and the
optimal flow vector,x∗L. The optimal flow vector is obtained
from the feasible flow vector by saturating unsaturated edges.
Also, to satisfy flow conservation constraints, it is essential to
find a negative cost directed cycle and modify the flow by the

2A flow vector x
L

is the vector of the form
[

xL
e

]

1≤e≤|A|
.

same amount on all edges on the cycle. Hencex∗L can be
obtained fromxL by a sequence of identifying negative cost
directed cycles and saturating at least one edge in each cycle.
The flow x∗L − xL can be looked upon as a feasible flow
in the residual graphs, which can also be decomposed into a
sequence of negative cost directed cycles saturating at least
one edge at a time. Since there are|A| number of edges, the
flow x∗L − xL can be decomposed into at most|A| number
of negative cost directed cycles.

2

Theorem 3.2: The maximum number of re-assignments for
an L commodity multi-commodity flow problem isL⌊ |A|

2
⌋.

Proof: Let the number of negative cost directed cycles
for commodity l, 1 ≤ l ≤ L, be αl. It is noted that for
the problem under consideration, a negative cost directed
cycle can be of length 4 for an intra-network handoff and of
length 6 for an inter-network handoff. If the length isβ, then
β/2 number of edges in the cycle correspond to the current
channel in the current network for the user andβ/2 number of
edges correspond to the new channel and/or the new network.
Therefore, only half of a directed cycle can be saturated on
each re-assignment. In other words,Cl number of cycles can
result in ⌊Cl

2
⌋ re-assignments. Hence the total number of re-

assignments can at most be
∑L

l=1
⌊Cl

2
⌋, which, from Lemma

3.2, yieldsL⌊ |A|
2
⌋ on simplification.

2

From the algorithms specified in Chapter 9 in [8], the com-
plexity of the multi-commodity flow problem can be shown
to beO

(

(M + N + F )3 log(M + N + F )
)

.

IV. CONCLUSION

We presented a network flow framework for allocation of
users to networks. We presented a bound on the number
of re-assignments and also presented a complexity analysis
of the proposed approach. Inclusion of transmission power
constraints and convex non-linear objective functions forQoS
are topics for further study.
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