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Random-Number Generation

* Properties of Random Numbers
» Generating Pseudo-Random Numbers
» Techniques for Generating Random Numbers

» Testing for Randomness
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Uses for Random Numbers in Simulations

» Event scheduling
— Customer arrivals
— Service times
— Failures

» Noise generation

* Any non-deterministic process
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Properties for
Uniformly Distributed Random Numbers

» Uniformity
f(x),
f (%) 1, 0<x<1
= 1
0, otherwise
1 2
E(R) = [ xdx="- g
) 20 2 «

V(R) = [ xdx-[E(R)]’ =X§ 1

 Independence
v(a,b,a<b)e(0,), P(a<X<b) :bi
—a
V(X, X,0n X )V (@b,a<h)e(01), P(a<X, <b)= bi
—a
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Generating Truly Random Numbers

* Process would need to be based on some known natural
random process:

— Decay of radioactive material

— Noise generated in electronic circuit with no deterministic
interference (e.g., 60 Hz AC hum creates determinism)

— Relative jitter of two independent clock sources

* These are impractical to generate for all but the most stringent
requirements for true randomness

» Usually we settle for Pseudo-random numbers in simulations
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Generating Pseudo-Random Numbers

» Generated by some known (e.g., deterministic) process
* Pseudo-random numbers model random numbers for simulation purposes

 Potential issues:
— Non-uniformity
— Discrete valued, not continuously valued
— Inaccurate mean
— Inaccurate variance
— Dependence
» Autocorrelation between numbers

* Runs of numbers with skewed values, with respect to previous numbers or
mean value
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Selecting a Pseudo-Random Number
Generating Routine

* Requirements:

— Speed - a large number of random numbers will be needed for a typical
simulation.

— Portability - between machines (with different numeric precision, word order),
between different languages

— Long cycle-time - All pseudo-random generators repeat.
— Repeatability - You might want to rerun same simulation with same conditions
— Statistically representative of true random numbers

 Uniformity

 Independence

* Other statistical tests

« “Randomness is in the eye of the beholder”
— It is easy to generate numbers that look random

— It is hard to generate numbers that pass rigorous statistical tests and meet the
requirements
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Pseudo-Random Number Generation
Technigues

e Linear Congruential Method
Xizp = (@X;+c)modm, 1=0,1.2,...
X0 - seed
a - constant multiplier
C - increment
m - modulus

» c=0: multiplicative congruential method, otherwise mixed congruential method

» Choice of a, ¢, and m have dramatic effect on statistical properties of resulting
numbers
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Example 7.1

Example 7.1
Linear Congruential Pseudo Random Number Generator
X0= 27
a= 17
c= 43
m= 100
B10=+MOD(B9* a+_c,_m)
index x(index) normalized

0 27 0.27

1 2 0.02

2 77 0.77

3 52 0.52

4 27 0.27
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Example 7.1 - the Real Story

Example 7.1
Linear Congruential Pseudo Random Number Generator
X0= 27
a= 17
c= 43
m= 100
B10=+MOD(B9* a+_c,_m)
index x(index) | normalized
0 27 0.27
1 2 0.02
2 77 0.77
3 52 0.52
4 27 0.27
5 2 0.02
6 77 0.77
7 52 0.52
8 27 0.27
9 2 0.02
10 77 0.77
11 52 0.52
12 27 0.27
13 2 0.02
14 77 0.77
15 52 0.52
16 27 0.27
17 2 0.02
18 77 0.77
19 52 0.52
20 27 0.27
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Example 7.1 - With a Different X,

Example 7.1
Linear Congruential Pseudo Random Number Generator
X0= 13
a= 17
c=43
m= 100
B10=+MOD(B9* a+ _c,_m)
index x(index) | normalized

0 13 0.13
1 64 0.64
2 31 0.31
3 70 0.7
4 33 0.33
5 4 0.04
6 11 0.11
7 30 0.3
8 53 0.53
9 44 0.44
10 91 0.91
11 90 0.9
12 73 0.73
13 84 0.84
14 71 0.71
15 50 0.5
16 93 0.93
17 24 0.24
18 51 0.51
19 10 0.1
20 13 0.13
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Example 7.4

Linear Congruential Pseudo Random Number Generator

Example 7.4

X0= 123457
a= 16807

c=0

m= 2147483647

| B10=+MOD(B9* a+_c,_m) |

index x(index)

0

O o ~NOO Ol WN PP

NBRE R RPRRRRRRPE
Ol ow~N®»UlDWN RO

123457
2074941799
559872160
1645535613
1222641625
1814256879
95061600
2119961479
1291390176
1924951450
817878095
34318218
1260672530
1049550408
363030798
457580859
422557306
192221313
848202503
743019135
305194640
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normalized

5.74891E-05
0.966220069
0.260710791
0.766262232
0.569336873
0.844829194
0.044266507
0.987183991
0.601350412

0.89637537
0.380854167
0.015980666
0.587046393
0.488734994
0.169049389
0.213077692
0.196768579
0.089510024
0.394975069
0.345995247
0.142117329

e normalization by m+1,
but m/(m+1) ~ 1
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Maximal Length Shift Registers Example




Maximal Length Shift Registers Example
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Linear Congruential Methods and
Maximal Length Shift Registers

—~» 1/ 0/0(1(1/0|1]|1

L

Linear combining circuit

Maximal length = 2"-1

» With m=2N, and N=computer word size, modular reduction is free
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Combining Linear Congruential Generators

« Example 7.4 has a period of 231-1 ~ 2x10°

* When mainframe and minicomputers were less than 1 MIP machines, simulations
requiring billions of random numbers were unheard of. The generator never
cycled during one simulation

* With PCs capable of 100’s of MIPS, simulations are getting bigger.
« 10° cycle times are too short.

» Choose multiple generators with relatively prime cycle lengths:

generator 1 cycle length

generator 1 cycle length | generator 1 cycle length

generator 2 cycle length

generator 2 cycle length

generator 2 cycle length

generator 3 cycle length

generator 3 cycle length

generator 3 cycle length
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Combining Linear Congruential Generators

» Choose multiple generators with relatively prime cycle lengths:

generator 1 cycle length | generator 1 cycle length

generator 1 cycle length

generator 2 cycle length

generator 2 cycle length

generator 2 cycle length

generator 3 cycle length

generator 3 cycle length

generator 3 cycle length

» Overall sequence doesn’t repeat until each individual generator has cycled a

number of times, e.qg.:

112(3[|1|2

1(2|3|4|5
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Tests for Random Numbers

* Test for Uniformity:

— Frequency test - Kolmogorov-Smirnov or %2 tests comparing the distribution to
uniform

* Tests for Independence:
— Runs test - looks for patterns of increasing/decreasing values

— Autocorrelation test - calculate correlation between random numbers
— Gap test - look for gaps between repetitions of a digit

— Poker test - treats numbers as a poker hand and compare to expected hands.
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Hypothesis Testing

» Uniformity:
— H,, numbers are uniformly distributed
— Hy, numbers are not uniformly distributed

 Independence
— Hy, numbers are independently generated
— Hy, numbers are not independently generated

» Testing to reject the null hypothesis, but failure to reject H, does not prove H;
* A level of significance, «, is specified for each test
a = P(reject Hy | Hy true)

 Typically, a=.01, .05 - which means that 1-5% of the test could indicate failure by
chance.
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» Kolmogorov-Smirnov test:

Frequency Tests

— Compare empirical c.d.f. to expected c.d.f.

c.d.f.p
T : F(x) uniform
i Sn(X¥)
P i___
i i D = max |F(x)-S\(X)|
7 i
>
0 1

— Find maximum deviation, D
— For a given ¢, and N random values, find critical value from Table A.8

— For N>35:
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DO.lO DO.OS DO.Ol
136 163
N N
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 Five random numbers, 0.44, 0.81, 0.14, 0.05, 0.93 are generated. Use K-S test
with significance a=.05

» Order from smallest to largest, compare with expected c.d.f. of uniform

Example 7.6

distribution
R 0.05 0.14 0.44 0.81 0.93
i/N 0.20 0.40 0.60 0.80 1.00
iIN-R, 0.15 0.26 0.16 - 0.07
R, - (iF1)/N 0.05 - 0.04 0.21 0.13

critical value: Dg o5 = .565

Distribution cannot be distinguished from uniform
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New Homework Policy

« Homework is still due at the beginning of class one week after assigned. Let’s call this
Noon on Monday.

» As before, no penalty for homework submitted up to the point it a solution is posted on
the web (http://koala.ece.stevens-tech.edu/~bmcnair/M+S-S04). This will never be until
several days after the due date, but | will be getting solutions on the web sooner than
for the first half of the course.

» To encourage timely submissions:

All assignments submitted by: Will have score increased by:
12:01 a.m. Sunday 10%
12:01 am Friday 20%
12:01 am Wednesday 50%

« Submission time is determined by time/date stamped on hardcopy by ECE secretary
or email origination time/date (unless it is significantly different from delivery time).
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Homework #6

*Ch. 7 - exercises 18 & 19

 Create a linear congruential random number generator that generates pseudo
random numbers in the range 0-99. Generate 20 random numbers using this
generator. Use the Kolmogorov-Smirnov test to see if these random numbers are
uniformly distributed with a level of significance « = .05
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