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Today’s topics

• Simulation examples using a simulation table
– Queuing system

• Single server queue
• Multi-server queues

– Class project introduction
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System simulation using a simulation table

• Determine the characteristics of each input to the simulation,  often inputs may be 
modeled as probability distributions

• Construct a simulation table:  columns are inputs and response, rows are 
repetitions of system operation

• For each repetition, generate a value for each input, evaluate response
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Representative simulation table

n

•

•

•

4

3

2

1

yixip…xij…xi3xi2xi1Repetition

inputs response

xik is the kth of p inputs for repetition i
yi is the response for repetition i
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Queuing system simulation

Calling
population

serverqueue

infinite number of callers

single arrival
per time quantum

Uniform average arrival rate,
Random arrival times

FIFO queue

Random service times

Average arrival rate must be less
than average service rate

WHY?
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Queuing Simulation Terminolgy

• System state:  The number of units (e.g., waiting callers) in the 
system and the status of the server (busy or idle)

• Event: something that causes a change in state of the system (e.g., a 
call arrival or departure)

• Simulation clock:  tracks simulated system time.
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Service-just-completed flow

Departure event

Is there another 
unit waiting

?

Begin server 
idle time

Remove waiting 
unit from queue

Begin servicing 
waiting unit

N Y
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Unit-entering-system flow

Arrival event

Server
busy?

Service unit Queue unit
N Y
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Actions upon arrival

Not empty Empty

enqueue enqueue

Impossible
Enter 

service

Busy

Idle

Server
Status

Queue status
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Server outcomes after service completion

Not empty Empty

Impossible

Impossible

Busy

Idle

Server
outcomes

Queue status
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Random numbers in simulations
• Random numbers are needed to simulate:

– Service times
– Inter-arrival times

• Most often, it is easiest to work with random numbers 
uniformly generated on the interval (0,1).  These can 
be used to create:

– Random digits (by quantizing)
– Random numbers on other intervals (by scaling)
– Other distributions (e.g., Poisson, Exponential, 

Normal)

• Truly random numbers are very difficult to create.
– Pseudo-random numbers normally have to suffice
– Generate random numbers from tables of random 

digits.  (harder to automate)
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Generating a simple distribution

int service_time(void)
{
r=rand()/RAND_MAX;   /* pseudorandom r on (0,1) */
if(r<.1) return(1);

else if(r<.3) return(2);
else if(r<.6) return(3);
else if(r<.85) return(4);

else if(r<.95) return(5);
else return(6);

} 

1.000.056

0.950.105

0.850.254

0.600.303

0.300.202

0.100.101

Cumulative
ProbabilityProbability

Service time
(minutes)
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Simulating a single server queue

Grocery
Store

customers
Single cashierCheck out line

Uniform average arrival rate,
Random arrival times

Uniformly distributed on (1,8) minutes

FIFO queue

Random service times
Distributed on (1,6) minutes

as previous table 

Customer
exits
store

Simulate arrival, service for 20 customers
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Time-Between-Arrivals

520310

41929

21878

11787

81636

31585

61414

51363

11282

111-1

Time between 
arrivals 

(minutes)

CustomerTime between 
arrivals 

(minutes)

Customer

Arrival times have been generated randomly, as described in text
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Service Times

320310

21959

31848

31757

41646

51525

11434

41343

51212

31141

Service
Time (minutes)

CustomerService
Time (minutes)

Customer

Arrival times have been generated randomly, as described in text
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Simulation Table for Queuing Problem

181245668total

0486183382520

0683481277419

0881578373218

0778475371117

0575171470816

0971466562315

0766665159614

01265861453513

01361856548112

0956653347111

0753450346310

075024554329

244504144178

453903453487

143002642636

222502322385

062131831514

541801441463

419081882

0440040-1

Idle Time 
of Server

CustomerT
ime in 

System

Time 
Service 
Ends

Time in 
Queue

Time 
Service 
Begins

Service 
Time

Arrival 
Time

Time since 
last arrival

Customer
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Queue Statistics
• Average waiting time:

(Total customer waiting time)/(total number of customers) = 56/20 = 2.8 minutes

• Probability customer has to wait in queue:
P(wait) = (number of customers who wait)/(total number of customers)=

13/20 = 0.65

• Fraction of idle time of server:
P(idle)=(total idle time)/(total run time of simulation) = 18/86 = 0.21

• Average service time:
(total service time)/(total number of customers) = 68/20 = 3.4 minutes

• Expected service time:
E(S) = Σ s*p(s) = 1(0.1) + 2(0.2) + 3(0.3) + 4(0.25) + 5(0.1) + 6(0.05) 

= 3.2 minutes

Why do the average service time and the expected service time differ?



EE/CpE345: Modeling and Simulation
Fall 2003 45

Copyright ©2003
Stevens Institute of Technology

All rights reserved

Queue Statistics
• Average time between arrivals:

(sum of all times between arrivals)/(number of arrivals – 1) = 82/19 
= 4.3 minutes

• Expected time between arrivals:
E(A) = (1+8)/2 = 4.5 minutes

Why do average and expected time between arrivals differ?

• Average waiting time for those who wait:
(total time customers wait in queue)/(total customers who wait)
= 56/13 = 4.3 minutes

• Average time spent in system:
(total time customers spend in system)/(total number of customers)
= 124/20 = 6.2 minutes
= (average time in queue) + (average time in service) = 2.8 + 3.4 = 6.2 minutes
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Multi-server Queues

customers

Server2Queue2

Uniform average arrival rate,
Random arrival times

Random service times
Different distributions

Customer
exits

Server1Queue1
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Multi-server Queues
“Able-Baker car hops”

“Stewart’s”
customers

Server2

Uniform average arrival rate,
Random arrival times

Random service times
Different distributions

Customer
exits
store

Server1

Queue

Which “performs better”
the single queue/multiple server

or multiple queue/multiple server?
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Inter-arrival Distribution of Customers

1.000.154

0.850.203

0.650.402

0.250.251

Cumulative 
probability

ProbabilityTime between 
arrivals (minutes)
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Service time distribution

1.000.175

0.830.254

0.580.283

0.300.302

Cumulative probabilityProbabilityService Time (minutes)

1.000.206

0.800.205

0.600.254

0.350.353

Cumulative probabilityProbabilityService Time (minutes)

Able

Baker

Simplifying assumption:  Able gets customer if idle, else
customer goes to next available server. 
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Able-Baker Simulation Table

06235959426

16265655125

05735454324

05655151223

05234949122

05134848421

04944544220

14524342219

14554040318

04343937217

23943535216

03943533215

23533231114

03553030213

03242828212

13032726211

02732424110

0274232339

0244202038

1202181737

1183151426

0186121225

0155101044

0936643

0532222

05500-1

Time in 
queueTime service 

endsService time
Time service 

begins
Time service 

endsService time
Time service 

begins

T.O.ATime 
between 
arrivals

Customer ABLE BAKER
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Simulation Project Ideas 
- a few possible topics

• Spread of disease in a human population (e.g., HIV, influenza, smallpox, measles)
• Spread of a computer virus/worm/trojan horse (e.g., Word macroviruses)
• Average classroom utilization at Stevens
• Data throughput on the Stevens network
• Average waiting time at the Burchard Auditorium Java City
• Average waiting time at Howe Center elevators. {f(floor, time, direction)}

(There has to be a better algorithm than the elevators currently use - propose one and 
simulate it)

• Scheduling of PATH, NJ Transit trains
• Dynamic behavior of power grid
• Random vs. scale-free networks (Scientific American, May 2003)
• Parking spot availability in Hoboken
• Scheduling of traffic lights on Washington Street

Topic must deal with a DYNAMIC, STOCHASTIC, DISCRETE-EVENT problem
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Steps in a simulation study

Set objectives for simulation

Define the problem

Define overall approach

Create simulation

verified?

Valid?

Sketch out model

Design experiment

Exercise simulation

Analyze results

Complete?

Implement
system

No

No No

No No

document

Collect dataIterate, as needed
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Homework 2

A:  Due 9/22:  Chapter 2, page 60 - problem 21

B:  Due 9/29:
Research the possible simulation project ideas.
Formulate a simulation plan and present a proposal (1-2 pages)

• Project title
• what you will study
• objectives for the study
• overall approach
• how you will go about gathering data
• project group members


