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Transient Response

o Testsignals

r(t)
1 248
Impulse rty=q¢ 2 2
0 otherwise
t =
=P 0 t<0
——>
. (t) = At t>0
amp 10 t<0
_ At> >0
Parabolic r(t) =
0 t<0
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Second Order System Performance

» Consider the simple control system:

+ E(s)

R(S) > Y(s)

_ G(s) _ K
_1+G@f“9_ ")

s*+ ps+K

Y (s)

2
)

Y8)= (s°+ 2./;5(;”5 +o,) RE)

With r(t) = u(t):
y(t) =1~

~Cont oi 1— 2t -1
1—{26 sm(a)n £t +cos ({))
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Second Order System Performance

« Effect of damping factor,

(; =.3 15
¢ = 5\ ’ //\\ /

JXY J
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Proportional, Integral, Derivative (PID) Control

Controller
G.(s)

—> Y(s)

K, N KyS

G (s)=K, +
(8)=Ke s r,5+1

G.(s) = K, +ﬁ+ K;S
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Today’s topics
« Steady state error in control systems

« Control system performance measures

e Course review

E232 Copyright ©2007

4/29/2007 Stevens Institute of Technology - All rights reserved 26-6/54



Type O, Type 1, Type 2,... Systems

R(s) > Y(s)

K(T,s+1)(T,s+1)...(T,s+1)

S ) = e DT s+ DT -1

N is the number of integrations in the open loop transfer function
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Type O, Type 1, Type 2,... Systems

R(s) . » Y(S)
G(s)H (s) = KN(Tas +D(T,s+1)...(T, s+1)
ST (T,s+1)(Ts+1)...(T s +1)
Y(s) G(s) @_1_Y(S)H(S) B 1
R(s) 1+G(s)H(s) R(s) R(s)  1+G(s)H(s)
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Type O, Type 1, Type 2,... Systems

R(s) > Y(s)

K(T,s+1)(T,s+1)...(T,s+1)

S ) = e DT s+ DT -1

Y(s) G(s) ﬁzl_Y(s)H(s): 1

R(S) _1+G(s)H(s) R(s) R(s) 1+G(s)H(s)

£(s)-— RO
1+G(s)H(s)
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Type O, Type 1, Type 2,... Systems

R(s) > Y(s)

E(s)=— )
1+G(s)H(s)

SR(s)
1+ G(s)H(s)

e, = !im e(t) = |ilTol SE(s) =
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Type O, Type 1, Type 2,... Systems

R(s)

E(s) =)
1+G(s)H(s)
e =lime) =IO =gt

Static position error coefficient:

K, =limG(s)H(s) =G(0)H (0)

E232 Copyright ©2007
4/29/2007 Stevens Institute of Technology - All rights reserved

» Y(s)

26-11/54



Type O, Type 1, Type 2,... Systems

With unit sten inout ) {O t<0
. ith unit step inpu -
1 t>0

+ E(s)

R(S) > Y(S)
E(s) =—— )
1+G(s)H(s)
e = lime(t) = limsE(s) = ——> 1
t=e0 e 1+G(s)H(s) s
Static position error coefficient: For a unit step input:
K, =limG(S)H(S)=GOH(©O) e, =—
0 1+K,
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Type O, Type 1, Type 2,... Systems

With unit sten inout ) {O t<0
. ith unit step inpu =
1 t>0

+ E(S)

R(s) > Y(s)
Type 0: K, =lim K(T,s+D(T,s+1)...(T,s+1) _K e - 1 >0
20 (T,s+1)(T,s+1)..(T s +1) 1+ K
. KT s+)(Ts+1)..(T s+1
Type 1 or higher: Kp =lim N( SHD(TpS +1)...(Ty S +1) —> 0 e, =0
20 7 (T s +1)(T,s +1)...(T ;s +1)
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Type O, Type 1, Type 2,... Systems

0 t<O

e  With unit ramp input r(t) =
p inp (t) {t >0

+ E(s)
R(s) » Y(S)
E(s) = R(s)
1+G(s)H(s)
e, = lime(t) = limsE(s) = — >~
t—>e 50 1+G(s)H(s) s
Static velocity error coefficient: For a unit ramp input:
i 1
K, =limsG(s)H (s) e =

Vv
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Type 0, Type 1, Type 2,... Systems

With unit . (t) 0 t<O0
i | unit ramp npu —
PP t t>0

+ E(s)

R(s) > Y(s)
1
Type O: K, =lim KIS +1)(T,5 +1)... (TS +1) — g, =— > ©
20 (Ts+1)(T,s+1)..(T s +1) K,
Type 1: K, _lim sK(T,s+1)(T,s+1)...(T,s+1) _K e :i:i
0 S(T,s+1)(T,s+1)..(T s +1) K, K
. SK(T,s+1)(T,s+1)...(T, s+1 1
Type 2 or higher: K, =1lim (TS +D(Aps +1)...(Tps +1) e =— =0

—> 00
Y0 SYTs+1)(T,5+1)...(T,s+1) * K
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Type O, Type 1, Type 2,... Systems

0 t<0
it? t>0

«  With unit parabolic input  r(t) :{

+ E(s)

R(s) > Y(s)
E(s) =)
1+G(s)H(s)
e, = lime(t) = limsE(s) = — >~
t—>e 50 1+G(s)H(s) s
Static acceleration error coefficient: For a unit parabolic input:
: 1
_ 2 =
Ky = Islggs G(s)H(s) e, = <
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Type 0, Type 1, Type 2,... Systems

0 t<0
it? t>0

«  With unit parabolic input  r(t) :{

+ E(s)

R(s) > Y(s)
1
Type 0: _lim S°K(T,s+1)(T,s+1)...(T_s+1) 0 e =
HO (Ts+1)(T,s+1)...(T,s+1) K,
1
Type 1. K_ = lim S°K(T.s+1)(T,s+1)...(T_s+1) _ L=
0 S(T,s+1)(T,s+1)...(T s +1) K,
Type 2: K, =lim > K(Tas+1)(Tbs+1)“'(TmS+1) =K e, _1
-0 §%(T,s+1)(T,s+1).. (T,s+1) K
1
Type 3 or higher: _im S K(T s+1)(T,s+1).. (T s+1) e - L _g

= s" (Ts+1)(T,5+1)..(T, s+1) ¥ K,
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Steady State Error

Step Input Ramp input Acceleration input
r)=1 r(t)=t rt) =% t?
1 00 00
Type 0 System
1+ K
1
Type 1 System 0 — o0
K
1
Type 2 System 0 0 E
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Other Performance Indices

e First assume:

lime(t) =0 Otherwise, other indices don’t converge

t—ow
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Other Performance Indices

 First assume:
lime(t) =0 Otherwise, other indices don’t converge

t—ow

* Integral-square criterion

]392 (t)dt e Emphasizes large errors
e “Power” measurement
0
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Other Performance Indices

e First assume:

lime(t) =0 Otherwise, other indices don’t converge

t—ow

* Integral-square criterion

J‘ez (t)dt . ‘I‘Emphailzes large errors
« “Power” measurement
0
* Integral-of-time-multiplied square-error criterion
J'teZ (t)dt » Early errors are less important than
’ later ones
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Other Performance Indices

e First assume:

lime(t) =0 Otherwise, other indices don’t converge

t—ow

* Integral-square criterion

J‘ez (t)dt . ‘I‘Emphailzes large errors
« “Power” measurement
0
* Integral-of-time-multiplied square-error criterion
J'teZ (t)dt » Early errors are less important than
’ later ones
* Integral absolute-error criterion
j|e(t)|dt * Not easy to compute analytically
. * Good overall measure
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Other Performance Indices

e First assume:

lime(t) =0 Otherwise, other indices don’t converge

t—ow

* Integral-square criterion

J‘ez (t)dt . ‘I‘Emphailzes large errors
* “Power” measurement
0
* Integral-of-time-multiplied square-error criterion
J'teZ (t)dt » Early errors are less important than
’ later ones
* Integral absolute-error criterion
j|e(t)|dt * Not easy to compute analytically
. * Good overall measure
» Integral-of-time-multiplied absolute-error criterion
_[t|e(t)|dt * Not easy to compute analytically
. e Early errors are less important than
E232 Copyright ©2007 |ater ones 26.23/54
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Course Review
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Parameter
to measure

Measurement Systems

Conditioning/

o Recorder/
Sensor transmission

Indicator

system

E232
4/29/2007
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Signal Conditioning And Transformation

*  Amplifier impedance

For greatest voltage gain, best frequency response:
R — o0
R,—0
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Signal Conditioning and Transmission

« Operational Amplifier — noninverting amplifier
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Signal Conditioning and Transmission

» Building filters with op-amps

C
Low-pass H

4
¢ O +
VOUt
[ri '

R
G(f)=—| =} ——
R )1+ j27 fCR,
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Signal Conditioning and Transmission

 Differentiator

- out

d
V_(t)=—-RC—V._(t
out() dt m()
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Signal Conditioning and Transmission

* Integrator

Vin
- VOUt
7
t
Vo () =V (0)— == [V, (et
out out RCO In
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Recorders/Indicators

» Classical voltage (current) recorder

Rolled paper

» Seismic indicators
* EKG monitors
» Polygraph machines
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Transmission Systems

* Analog signal transmission

S,(N,) S,(S,(N,) +N,) S,(S,(S,(Ny) + N,) +N,)

Subsystem Subsystem Subsystem

1 2 3

Noise=N, Noise=N, Noise=N,

Noise from each stage combines with input noise and cannot be removed

v

E232 Copyright ©2007

4/29/2007 Stevens Institute of Technology - All rights reserved 26-32/54



Transmission Systems

» Digital signal transmission

Subsystem Subsystem Subsystem

1 2 3

Noise=N, Noise=N, Noise=N,

O D T |

411 1 4 (I I
i s B -4 -FA-I--
11

-4 -rFA-I--

Output at each stage is regenerated, allowing
transmission to start with clean, unimpaired signals.

Signals change at established points in time, with specific allowed levels
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Computerized Data Acquisition

 Measurement system architecture

signal Analog-to-
conditioning digital
converter(s)

sensor

signal
sensor =

conditioning
System

under test sensor

signal
conditioning

= O 0O Dd® —® W

signal Computer

sensor =
conditioning

Computer-
controlled
test GPIB/HPIB/IEEE-488
equipment sighals controls
—p —p
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Sampling Time-varying Signals

v

What if we provide more samples?
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Spectral Analysis With Arbitrary Signals

* Any well-behaved periodic signal f(t) can be represented as

o () )

where

1 7
e aoz?_[o f (t)dt
Component

2 (T 27
a, =?j0 f(t)cos[k?tjdt

R 2T : 21
b, _?jo f(t)sm(k?tjdt
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Generalizing The Fourier Series:
The Fourier Transform

« Consider what happens when the analysis period is allowed to increase

271'nt -
0 _ 1 _
ft)=Sce T f(t)=) ce™ f(t)=— | F(w)e'"dw
(t)= Z (t) Z (t) 2n£()
_ Let wygoto O
Replace 2n/T with o, T becorr(:es infinite
27kt
— _J_ _i T/2 — jkat _ * - jot
C, __IT/ f(t)e ck_Tj_mf(t)e dt Fo)=] f(t)e dt
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Sample Distributions

0.00 T T T T T
0.004 - Normal/
Gaussian
5 0 I5 10 15
0.015 T T
0.01 1 .
Exponential
0.005~ N
0 5 I10 15
0.0015 T T 0.0 T T
0.001 WMW - ) 0.0~ ]
Uniform ood -
510 4 -
0.02— .
0 I2 |4 6 00 ‘6
Continuous Discrete
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Computing Confidence Interval

 Define statistic z:

g o

z is normally distributed with zero mean

X - i A
P(_Za/Z < < Za/2) =l-«o X g
O'/\/ﬁ
Cpnfigdende
Interval
Or,
_ O
M= XL Z05/2 T
n -z, /2 z=0 z/2
with confidence 1-a
Area = a/2 Area = a/2
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Correlation Coefficient

X; and y; are random variables (x=HW grades, y=quiz grades)

n

2 (% (y.

r =1

t+T

<A == j A(X)B(x)dx

e

Variance of x
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Strain Measurement

* Alternative: foil strain gauges

Deflected Beam

H |+3l g

N lines, each
experience same
strain, stretching by
same Al, multiplies
sensitivity

Copyright ©2007
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Magnitude of Stress Resistance Measurements

« How can you expect to measure a change in resistance that is much less than 3
ppm? A Whetstone Bridge:

* R; is the strain gauge

* R;+R, as well as R,+R;
create voltage dividers. If:

R _R,
O R, R
V the bridge is balanced and

* Any change in R,
unbalances the bridge,
generating a non-zero Vg,
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Acceleration Sensors

* Piezoelectric (F=ma) sensors
Other applications:

» Motion sensing game controllers
* Vehicle braking, stability sensors
» Hard disk drop sensors

* Autonomous vehicles

Vour(t)
Piezoelectric
material

Accelerating object
being sensed

Movement of object causes
acceleration of sensing mass,
generating force on piezoelectric
sensor
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Temperature Measurement

Linear bi-metallic strip

%

Expansion coefficient A

Metal A
Metal B Deflection = f(T)

—>
Expansion coefficient B

77

E232 Copyright ©2007

4/29/2007 Stevens Institute of Technology - All rights reserved 26-44/54



Fluid Velocity Sensor — Hot-Wire Anemometer

Hot Heat loss:
Fluid velocity, U  Wire, Tg
> q:(Ts_Tf)('Ab+BoVRe)
D
T; R Re — ’OU—
7,
Heat gain:
V2
- %
R(T.-TD q=—
R
constants V
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E232
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sensor

Application of Hot-wire Anemometer

VOUt

TO

Feedback
amplifier

Bridge imbalance
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Generalizing The Fourier Transform:
The Laplace Transform

 The Laplace Transform is a generalization of the Fourier Transform with a
transform operator that represents oscillatory as well as decaying oscillations

C+ Joo t  The Laplace Transform can deal with a wider variety
f(t)=— J F(s)e™ds of signals than the Fourier Transform can.
T

C—joo

F(s) = jof f (t)e dt
Jio INAAA

VAT

) S  The Laplace Transform provides a straightforward
way to transform differential equations into algebraic
equations, which can be more easily solved.

v
~+

—jOO
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Using the Laplace Transform to
Solve Differential Equations

« “Poles” and “zeroes” of Y(s)

Y(S): (S+6)y0 — p(S)
(s+5)(s+1) q(s)

At s=-1 or s=-5, Y(s)
Increases without bound

jo
zer\o
O H——F—~F—K o
N
poles
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Using the Laplace Transform to
Solve Differential Equations

« Partial fraction expansion of Y(s), assume y,=1

Y(S)Z (S+6)y0 — kl + k2
(s+5)(s+1) s+1 s+5

- (5=8)p@)| _(+1(s+6) _5
Cds) |, (s+B)(s+D)|_, 4
" _(5=5,)p(s)| _(s+5)(s+6)] _ 1 1

2

q(s) C(s+5)(s+D|_, 4 4
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Using the Laplace Transform to
Solve Differential Equations

* Find inverse Laplace Transform

(s+6) _ %, %

Y(s)= =
(s+5)(s+1) s+1 s+5
y(t)=g‘l{v(s)}=z‘1{ i }
s+1 s+5

s+1 S+5

- (24
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Transfer Function of a Feedback System

» Consider a generic feedback control system

+ E.(s)

R(s) » Y(s)

B(s)

R —

Y (s)=(R(s)-Y(s)H(s))G(s)

Y (s)[1+G(s)H(s)| = R(s)G(s)

Y(s) G(s)
R(s) 1+G(s)H(s)
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Steady State Response

« Consider the hot-wire anemometer as a feedback control system

 What is the steady state response? Amplifier gain, g
« A proportional control system has a steady state error
Output voltage
+ E.(s) /
R(s) » Y(s)
/ _
Set point u(t) B(s)

Sensor sensitivity, k

Y(5=—9 1
1+gk s
From the final value theorem:
] . ] . 1
l[imz(t) =limsZ(s lime_(t) =lims lime_ (t) =
fm 2 =lims2(s)  lime, () =lims a0 | ime, ) =7
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Second Order System Performance

« Effect of damping factor,

(; =.3 15
¢ = 5\ ’ //\\ /

JXY J
1 1
o

o
4/

0.25 \ V4
0
0 3 6 9 12 15
(DIn-ti
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Proportional, Integral, Derivative (PID) Control

Controller
G.(s)

—> Y(s)

K, , Kps

G (s)=K, +
(8)=Ke s r,5+1

G.(s) = K, +ﬁ+ K;S
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