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Sample Distributions
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Probability Measures

P(x) m occurences
B ’ A of event A

Sample space

Probability of A:
P(A) =m/n

n potential outcomes Properties of P():

1. 0 < P(X)<1 -P()measures the proportion of A
2. If Alis certain, P(A) =1
3. If Aisimpossible, P(A)=0
4. —=Ais the complement of A. P(-A)=1-P(A)
5. If A and B are mutually exclusive,
P(A or B) =P(A) + P(B)
6. If A and B are independent events,

P(AB) = P(A)P(B)

7. Probability of either A or B (or both):
P(Union of A, B) =
P(A uB)=P(A) + P(B) - P(AB)
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Terminology

Population

Sample

Sample space

Objects,
measurements,
observations

V(t) = V(T), a specific
time T

Voltage V(t) in the range
[-10V — 10V]

Measurement
system Output

Continuous valued experiment
voltage
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Characterizing Distributions

 Mean, average, central tendency

« Assume a set of n measurements

« Assume a population of N elements 0.2

« Assume measurement values, x; 01

XX XXy - X
: N 2N

Mean of a population
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Characterizing Distributions

 Measuring deviation

« Assume a set of n measurements | |
« Assume a population of N elements 02 — || | -
» Assume measurement values, X; o J H ]
5 0 5 10 15
N (X _lLl)2 -—
O = Z ! Population standard deviation
i=1 N °

Standard deviation from mean of population
(note resemblance to RMS)
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Today’s topics

* More Statistical Analysis of Experimental Data
— Probability distribution functions
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Probability Distribution Functions

 Empirical distributions

« Mathematical distributions
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Probability Distribution Functions

 Empirical distributions

« Mathematical distributions
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Probability Distribution Functions

 Empirical distributions

Tabulation
of samples

Experiment

« Mathematical distributions
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Probability Distribution Functions

 Empirical distributions

Tabulation
of samples

Experiment

« Mathematical distributions
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Probability Distribution Functions

 Empirical distributions

Tabulation
of samples

Experiment

« Mathematical distributions
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Probability Distribution Functions

 Empirical distributions

Tabulation
of samples

Experiment

« Mathematical distributions

Match

Experiment model to
data
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Probability Distribution Functions

 Empirical distributions

Tabulation
of samples

Experiment

« Mathematical distributions

Match
Experiment model to

data
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Probability Distribution Functions

 Empirical distributions

Tabulation
of samples

Experiment

« Mathematical distributions

Match
Experiment model to

data

1

= x

e
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E232
3/4/2007

Probability Mass Function

P(x) | v NG| POV
X=Vq . j \Y; N P(v
Discrete 2 2 (v2)
Sample space events
X=V,
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Probability Mass Function

P(x) | v NG| POV
X=V, g
Discrete Va | Np | P(vy)
Sample space events

X=V,)

n
ZP(Xi) =1 «The sum of the probabilities
i=1 of all possible events =1
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Probability Mass Function

P(x) | v NG| POV
X=V, g
Discrete Va | Np | P(vy)
Sample space events

X=V,

ZH:P(xi):l

H :ixip(xi)
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* The sum of the probabilities
of all possible events =1

*» mean = weighted sum of
values
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Probability Mass Function

P(x) | v NG| POV
X=V, g
Discrete Va | Np | P(vy)
Sample space events

X=V,

ZH:P(xi):l

H :ixip(xi)

o :i(xi _,U)ZP(Xi)
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* The sum of the probabilities
of all possible events =1

*» mean = weighted sum of
values

e variance
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Probability Mass Function

2 1 1/36
3 2 2/36
P(x) 4 3 | 36
X=V, " s 4 4136
Discrete 6 5 5/36
Sample space events 7 6 | 6/36
8 5 5/36
X=V, 9 4 4136
10 3 3/36
11 2 2/36
12 1 1/36
. n
El)tj?netzler??)?tc.lots Z P(x)=%2+2+..=%£=1 -Thesum of the probabilities
i=1 of all possible events =1

showing on a pair
of dice

n
U= inP(xi) =2-42+3-2+..=7 -mean=weighted sum of
i—1 values

o’ = Zn:(xi — 1)’ P(x) = (—5)2 -3—16+(—4)2 -2 +.,..=5,833 +variance
i=1
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Probability Density Function

P(x)
VXLV, _ g
Continuous
Sample space events

V3<X<V,

Experiment:
Temperature P(x=X%)=P(X <x<X%)=0

measured by sensor
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Probability Density Function

P(x)
VXLV, _ g
Continuous
Sample space events

V3<X<V,

Experiment:
Temperature P(x=X%)=P(X <x<X%)=0

measured by sensor

P(x. < x<x +dx)= f(x)dx
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* Discrete values have zero
density

* f(x;) measures probability
that x will be within dx of x;
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Probability Density Function

P(x)
VXLV, _ g
Continuous
Sample space events

V3<X<V,

Experiment:
Temperature P(x=X%)=P(X <x<X%)=0

measured by sensor

P(x. < x<x +dx)= f(x)dx

P(a<x<b)=[ f(x)dx
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* Discrete values have zero
density

* f(x;) measures probability
that x will be within dx of x;

* Probability that x will be in
a given range
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Probability Density Function

P(x)
VXLV, _ g
Continuous
Sample space events

V3<X<V,

Experiment:
Temperature
measured by sensor

P(—o<x<0) =1
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e X must have some value

12-24/32



Probability Density Function

P(x)
VXLV, _ g
Continuous
Sample space events

V3<X<V,

Experiment:
Temperature
measured by sensor

P(—o<x<0) =1

,u:Zn:XiP(Xi) /1=J_2Xf (x)dXx
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e X must have some value

* mean is defined similarly to

discrete variables
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Probability Density Function

P(x)
VXLV, _ g
Continuous
Sample space events

V3<X<V,

Experiment:
Temperature
measured by sensor

P(—o<x<0) =1
1= Zn:xiP(xi) M= J_Z xf (x)dx

o’ = Zn:(xi —u)?*P(x) o= 'fi(x—y)z f (x)dx
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e X must have some value

* mean is defined similarly to
discrete variables

e variance is defined
similarly to discrete
variables
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Probability Density Function - Example

» Electrical component lifetime:

Probability that component with average lifetime a fails before time T:

P(t<T) :jOT f(t)dt

(0 t<O
F(t)=41 .

0 2000 4000
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Probability Density Function - Example

» Electrical component lifetime:

Probability that component with average lifetime a fails before time T:

T 0.002
P(th):jo f (t)dt
(0 t<O0
f(t)=<£e_§ (50 (t)_0.001
¥4

P(t<T) :ﬂée‘%dt 0

0 2000 4000

What is the probability that a light bulb with a 500 hour expected
lifetime will fail within the first 100 hours?
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Probability Density Function - Example

« Electrical component lifetime — exponential distribution:

Probability that component with average lifetime a fails before time T:

T 0.002
P(th):jo f (t)dt
(0 t<O0
f(t)=<£e_§ (50 (t)_0.001
¥4

P(t<T) :ﬂée‘%dt 0

0 2000 4000

What is the probability that a light bulb with a 500 hour expected
lifetime will fail within the first 100 hours?

100

( t
L6500 4 0201
500
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Cumulative Distribution Function

Continuous random variable: Discrete random variable:

P(rv<x) = _[_XOO f(t)dt =F(x) P(rv<x) = Zijﬂp(xi)
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Cumulative Distribution Function

Continuous random variable: Discrete random variable:
X . P < _ [
P(rv<x) =" f(t)dt=F(x) (v<x)=>" P(x)
Properties of C.D.F

P(a<x<b)=F(b)-F(a)
P(x>a)=1-F(a)
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Useful P.D.F.’s — Binomial Distribution

» A set of discrete random variables can have two possible outcomes: “success”
or “failure”

— A number of trials are performed, each “succeeds” or “fails”
— P(success) remains constant during trials
— nindependent trials

What is the probability of having exactly r successes?

E232 Copyright ©2007

3/4/2007 Stevens Institute of Technology - All rights reserved 12-32/32



Useful P.D.F.’s — Binomial Distribution

» A set of discrete random variables can have two possible outcomes: “success”
or “failure”

— A number of trials are performed, each “succeeds” or “fails”
— P(success) remains constant during trials
— nindependent trials

What is the probability of having exactly r successes?

P(r) = m "L )"
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Useful P.D.F.’s — Binomial Distribution

A machining process creates a part with a dimension that has a random
component. 85% of the parts lie within the required range of dimensions, but

15% are out of spec. What is the probability that 80 of 100 randomly chosen
components will be acceptable?
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Useful P.D.F.’s — Binomial Distribution

A machining process creates a part with a dimension that has a random
component. 85% of the parts lie within the required range of dimensions, but

15% are out of spec. What is the probability that 80 of 100 randomly chosen
components will be acceptable?

P(r) =(:) p*(1-p)" =(r!(nni r)!] p'(1-p)"

100! 80 100-80
P(r):£8O!(100_80)!j(0.85) (0.15)% — 04
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Next time

 More On Statistical Analysis of Experimental Data
— Other useful PDF's
» Gaussian
* Poisson
— Correlation
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