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Measuring Similarity and Distance

* The projection of A onto B, where A&B are periodic functions with period T:

t+T

(A B) =% ! A(X)B(X)dx

» The length of A is the similarity of A with itself:

t+T

(A A) =] A|2=T1 ! A(X)?dx
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Spectral Analysis of Arbitrary Signals

« Consider a triangular wave with a period T:

A /\ T
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Spectral Analysis of Arbitrary Signals

« Consider a triangular wave with a period T:

sin(2xt/T)
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A(t) /\

v

How similar is this signal to a
sinusoid with the same period?
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Spectral Analysis of Arbitrary Signals

« Consider a triangular wave with a period T:

AWM /\ T

v

|
i How similar is this signal to a
_ I sinusoid with the same period?
sin(2nt/T) —
1
(I . ([ 2nt
\/: —f A(t)sin 7 14t = 0.811
| 7T 0 T
\/ " Error o
—0'20 i).s
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Spectral Analysis With Arbitrary Signals

* Any well-behaved periodic signal f(t) can be represented as

o (o) )

where

1 7
%:?Lfmm

2 T .27

a, :?jo f(t)cos(l?tjdt
2 (T . (.27

b, =?j0 f(t)sm(l?tjdt
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Spectral Analysis With Arbitrary Signals

e Spectrum of triangular wave
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Today’s topics

 Computerized Data Acquisition
— More on Fourier Transform and frequency domain analysis
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Spectrum Of A Few Common Signals

e Square wave

v
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Spectrum Of A Few Common Signals

e Square wave
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Spectrum Of A Few Common Signals

e Square wave
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Spectrum Of A Few Common Signals

e Square wave
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Spectrum Of A Few Common Signals

e Square wave
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Spectrum Of A Few Common Signals

e Square wave
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Spectrum Of A Few Common Signals

» Shifted square wave
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Spectrum Of A Few Common Signals

*  Arbitrary sum of sinusoids £ (x) = .9sin(27x) —.5c08(27x) +.1sin(3- 277X) +
.2€08(5-27x) +.8sin(7-27x) +.3¢c0s(13- 277X)
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Spectrum Of Non-Periodic Signals

« Treat the signal as though it is periodic
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Generalizing Fourier Series

o (o) )

Fourier d, = ?_[0 f (t)dt

series

[ (1) cos(iz—ﬂtjdt
: T

2
T
2 T . (.27
b, =7 f(t)sm[l?tjdt
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Generalizing Fourier Series

o (o) )

Fourier d, = ?_[0 f (t)dt

series 5 5
oT
a =—[ () cos(i—ﬂtjdt
T T
2 T . (.27
b, =—| f(t)sin|i—t |dt
ILISEN
e’ = cos(8) + jsin(6)
. eV
Euler’s sin(@) = _
formula 2]
j6 jo
cos(0) = © +2e
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Generalizing Fourier Series

f(t)=a, +(Za COS(I_tD (Zb sm(l_tjj f(t) = i cnej@

Fourier ay = ?jo f (t)dt

series 5 ,
oT
a, =? ) f(t)cos(i?ﬂtjdt 5
T dt
b =2 f(t)sin[iz—”tjdt
k T J0 T
e’ = cos(0) + jsin(6)
: -
Euler’s sin(@) = _
formula 2|
. y
cos(d) = © +2e
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Complex Spectrum Of A Signal

» Shifted square wave
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Generalizing The Fourier Series

« Start with the complex Fourier Series

.2nnt

f(t)= i ce T

N=-—00

.27kt

_J—

1 eT/2
ck:?j_mf(t)e T dt
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Generalizing The Fourier Series

» Change variables

.2nnt

f)=>ce 1 ft)=> ce™

N=-—00 N=-o0
Replace 2n/T with o,

2kt

_J—

B 1 p7/2 ket
:_Iﬂfme q_?meMe dt
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Generalizing The Fourier Series:
The Fourier Transform

« Consider what happens when the analysis period is allowed to increase

271'nt -
0 _ 1 _
ft)=Sce T f(t)=) ce™ f(t)=— | F(w)e'"dw
(t)= Z (t) Z (t) 2n£()
_ Let wygoto O
Replace 2n/T with o, T becorr(:es infinite
27kt
— _J_ _i T/2 — jkat _ * - jot
C, __IT/ f(t)e ck_Tj_mf(t)e dt Fo)=] f(t)e dt
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Applying The Fourier Transform To Sampled Signals

« Continuous samples of f(t), F(w) are not available

_100 jot
uwi;&@mdw

F(w)zjif(oe*ﬂdt
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Applying The Fourier Transform To Sampled Signals

« Continuous samples of f(t), F(w) are not available

1 % . 1 N _
f=—— | F ploty f(NAL) = — E (KAf ej(27rkAf)(nAt)
(t) Zﬂjw (w)e'dw ( )Né( )

Discrete time

Discrete frequency

N-1
F(w)=[" f(t)e dt F(KAF) = f (nAt)e™ AN
n=0
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Applying The Fourier Transform To Sampled Signals

« Continuous samples of f(t), F(w) are not available

N-1

1 % - 1 |
f=—— | F ploty f (NAL) = E (KAf ej(27rkAf)(nAt)
(t) Zﬂjw (w)e'dw (nat) = Zg} (KAF)

Discrete time

Discrete frequency

N-1
F(w)=[" f(t)e dt F(KAF) = f (nAt)e™ AN
n=0

N-point Discrete Fourier Transform (DFT)
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Applying The Fourier Transform To Sampled Signals

« Continuous samples of f(t), F(w) are not available

1 % . 1 N .
fy)=—— | F elotg f (NAL) = E (K Af (g i (27kaf)(nat)
(t) zysz (w)e™dw (T ) N k§:o' (

Discrete time Note symmetry of el

_ Not all N2 factors need
Discrete frequency be calculated

l N-1
F(o)=[" f(t)edt F(KAf) = Z; f (nAt

o . : BFF

If N=2M (N x log(N)) operations needed for Fast Fourier Transform (FFT)
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Next time

« Statistical Analysis of Experimental Data (read Ch. 6)
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