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Probability Measures

Sample space

n potential outcomes

Event A
m occurences

of event A

Probability of A:
P(A) = m/n

x

P(x)
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Probability Measures

Sample space

n potential outcomes

Event A
m occurences

of event A

Probability of A:
P(A) = m/n

P(x)

Properties of P( ):
1. 0  ≤ P(x) ≤ 1   - P( ) measures the proportion of A
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Probability Measures

Sample space

n potential outcomes

Event A
m occurences

of event A

Probability of A:
P(A) = m/n

P(x)

Properties of P( ):
1. 0  ≤ P(x) ≤ 1   - P( ) measures the proportion of A
2. If A is certain, P(A) = 1
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Probability Measures

Sample space

n potential outcomes

m occurences
of event A

Probability of A:
P(A) = m/n

P(x)

Properties of P( ):
1. 0  ≤ P(x) ≤ 1   - P( ) measures the proportion of A
2. If A is certain, P(A) = 1
3. If A is impossible, P(A) = 0
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Probability Measures

Sample space

n potential outcomes

Event A
m occurences

of event A

Probability of A:
P(A) = m/n

P(x)

Properties of P( ):
1. 0  ≤ P(x) ≤ 1   - P( ) measures the proportion of A
2. If A is certain, P(A) = 1
3. If A is impossible, P(A) = 0
4. ¬A is the complement of A.  P(¬A) = 1 – P(A)

¬A
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Probability Measures

Sample space

n potential outcomes

Event A
m occurences

of event A

Probability of A:
P(A) = m/n

P(x)

Properties of P( ):
1. 0  ≤ P(x) ≤ 1   - P( ) measures the proportion of A
2. If A is certain, P(A) = 1
3. If A is impossible, P(A) = 0
4. ¬A is the complement of A.  P(¬A) = 1 – P(A)
5. If A and B are mutually exclusive,

P(A or B) = P(A) + P(B)

Event 
B
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Probability Measures

Sample space

n potential outcomes

A
m occurences

of event A

Probability of A:
P(A) = m/n

P(x)

Properties of P( ):
1. 0  ≤ P(x) ≤ 1   - P( ) measures the proportion of A
2. If A is certain, P(A) = 1
3. If A is impossible, P(A) = 0
4. ¬A is the complement of A.  P(¬A) = 1 – P(A)
5. If A and B are mutually exclusive,

P(A or B) = P(A) + P(B)
6. If A and B are independent events,

P(AB) = P(A)P(B)

B AB AB
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Probability Measures

Sample space

n potential outcomes

m occurences
of event A

Probability of A:
P(A) = m/n

x

P(x)

Properties of P( ):
1. 0  ≤ P(x) ≤ 1   - P( ) measures the proportion of A
2. If A is certain, P(A) = 1
3. If A is impossible, P(A) = 0
4. ¬A is the complement of A.  P(¬A) = 1 – P(A)
5. If A and B are mutually exclusive,

P(A or B) = P(A) + P(B)
6. If A and B are independent events,

P(AB) = P(A)P(B)
7. Probability of either A or B (or both):  

P(Union of A, B) =
P(A ∪ B) = P(A) + P(B) – P(AB)

AB AB AB



E232
10/24/2007

Copyright ©2007
Stevens Institute of Technology - All rights reserved 16-10/39

Probability Distribution Functions

• Empirical distributions

• Mathematical distributions
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Probability Distribution Functions

• Empirical distributions

• Mathematical distributions

Experiment

Experiment
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Probability Distribution Functions

• Empirical distributions

• Mathematical distributions

Experiment Tabulation 
of samples

Experiment
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Probability Distribution Functions

• Empirical distributions

• Mathematical distributions

Experiment Tabulation 
of samples

5 0 5 10 150

0.1

0.2

Experiment
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Probability Distribution Functions

• Empirical distributions

• Mathematical distributions

Experiment Tabulation 
of samples

5 0 5 10 150

0.1

0.2

Experiment

N(x)x
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Probability Distribution Functions

• Empirical distributions

• Mathematical distributions

Experiment Tabulation 
of samples

5 0 5 10 150

0.1

0.2

Experiment
Match 

model to 
data

N(x)x
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Probability Distribution Functions

• Empirical distributions

• Mathematical distributions

Experiment Tabulation 
of samples

5 0 5 10 150

0.1

0.2

5 0 5 10 150

0.1

0.2
Experiment

Match 
model to 

data

N(x)x
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Probability Distribution Functions

• Empirical distributions

• Mathematical distributions

Experiment Tabulation 
of samples

5 0 5 10 150

0.1

0.2

5 0 5 10 150

0.1

0.2

2

2
( )

21( )
2

x

f x e
μ
σ

σ π

−
−

=

Experiment
Match 

model to 
data

N(x)x
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Probability Mass Function

Sample space

P(x)

x=v2

x=v1

…

N2

N1

……

P(v2)v2

P(v1)v1

Discrete 
events
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Probability Mass Function

Sample space

P(x)

x=v2

x=v1

• The sum of the probabilities 
of all possible events = 11

( ) 1
n

i
i

P x
=

=∑

…

N2

N1

……

P(v2)v2

P(v1)v1

Discrete 
events
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Probability Mass Function

Sample space

P(x)

x=v2

x=v1

• The sum of the probabilities 
of all possible events = 1

• mean = weighted sum of 
values

1

( ) 1
n

i
i

P x
=

=∑

1

( )
n

i i
i

x P xμ
=

=∑

…

N2

N1

……

P(v2)v2

P(v1)v1

Discrete 
events
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Probability Mass Function

Sample space

P(x)

x=v2

x=v1

• The sum of the probabilities 
of all possible events = 1

• mean = weighted sum of 
values

1

( ) 1
n

i
i

P x
=

=∑

1

( )
n

i i
i

x P xμ
=

=∑

2 2

1

( ) ( )
n

i i
i

x P xσ μ
=

= −∑ • variance

…

N2

N1

……

P(v2)v2

P(v1)v1

Discrete 
events
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Probability Mass Function

Sample space

P(x)

x=v2

x=v1

1

2

3

4

5

6

5

4

3

2

1

1/3612

2/3611

3/3610

4/369

5/368

6/367

5/366

4/365

3/364

2/363

1/362

• The sum of the probabilities 
of all possible events = 1

• mean = weighted sum of 
values

361 2
36 36 36

1

( ) ... 1
n

i
i

P x
=

= + + = =∑

1 2
36 36

1

( ) 2 3 ... 7
n

i i
i

x P xμ
=

= = ⋅ + ⋅ + =∑

( ) ( )2 22 2 1 2
36 36

1

( ) ( ) 5 4 ... 5.833
n

i i
i

x P xσ μ
=

= − = − ⋅ + − ⋅ + =∑ • variance

Experiment:
Number of dots 
showing on a pair 
of dice

Discrete 
events
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Probability Density Function

Sample space

P(x)

v3≤x≤v4

v1≤x≤v2

• Discrete values have zero 
density

Experiment:
Temperature 
measured by sensor

Continuous 
events

0 0 0( ) ( ) 0P x x P x x x= = ≤ ≤ =
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Probability Density Function

Sample space

P(x)

v3≤x≤v4

v1≤x≤v2

• Discrete values have zero 
density

• f(xi) measures probability 
that x will be within dx of xi

Continuous 
events

( ) ( )i i iP x x x dx f x dx≤ ≤ + =

Experiment:
Temperature 
measured by sensor

0 0 0( ) ( ) 0P x x P x x x= = ≤ ≤ =
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Probability Density Function

Sample space

P(x)

v3≤x≤v4

v1≤x≤v2

• Discrete values have zero 
density

• f(xi) measures probability 
that x will be within dx of xi

• Probability that x will be in 
a given range

Continuous 
events

( ) ( )i i iP x x x dx f x dx≤ ≤ + =

( ) ( )
b

a
P a x b f x dx≤ ≤ = ∫

Experiment:
Temperature 
measured by sensor

0 0 0( ) ( ) 0P x x P x x x= = ≤ ≤ =



E232
10/24/2007

Copyright ©2007
Stevens Institute of Technology - All rights reserved 16-26/39

Probability Density Function

Sample space

P(x)

v3≤x≤v4

v1≤x≤v2

• x must have some value

Continuous 
events

Experiment:
Temperature 
measured by sensor

( ) 1P x−∞ ≤ ≤ ∞ =
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Probability Density Function

Sample space

P(x)

v3≤x≤v4

v1≤x≤v2

• x must have some value

• mean is defined similarly to 
discrete variables

Continuous 
events

( )xf x dxμ
∞

−∞
= ∫

Experiment:
Temperature 
measured by sensor

( ) 1P x−∞ ≤ ≤ ∞ =

1

( )
n

i i
i

x P xμ
=

=∑



E232
10/24/2007

Copyright ©2007
Stevens Institute of Technology - All rights reserved 16-28/39

Probability Density Function

Sample space

P(x)

v3≤x≤v4

v1≤x≤v2

• x must have some value

• mean is defined similarly to 
discrete variables

• variance is defined 
similarly to discrete 
variables

Continuous 
events

( )xf x dxμ
∞

−∞
= ∫

2 2( ) ( )x f x dxσ μ
∞

−∞
= −∫

Experiment:
Temperature 
measured by sensor

( ) 1P x−∞ ≤ ≤ ∞ =

1

( )
n

i i
i

x P xμ
=

=∑

2 2

1

( ) ( )
n

i i
i

x P xσ μ
=

= −∑
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Probability Density Function - Example

• Electrical component lifetime:

0

0

( ) ( )

0 0
( ) 1 0

1( )

t

t

T

T

P t T f t dt

t
f t

e t

P t T e dt

α

α

α

α

−

−

≤ =

<⎧
⎪= ⎨

≥⎪⎩

≤ =

∫

∫

Probability that component with average lifetime α fails before time T:

0 2000 4000
0

0.001

0.002

f t( )

α = 500
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Probability Density Function - Example

• Electrical component lifetime:

0

0

( ) ( )

0 0
( ) 1 0

1( )

t

t

T

T

P t T f t dt

t
f t

e t

P t T e dt

α

α

α

α

−

−

≤ =

<⎧
⎪= ⎨

≥⎪⎩

≤ =

∫

∫

Probability that component with average lifetime α fails before time T:

0 2000 4000
0

0.001

0.002

f t( )

α = 500

What is the probability that a light bulb with a 500 hour expected 
lifetime will fail within the first 100 hours?
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Probability Density Function - Example

• Electrical component lifetime – exponential distribution:

0

0

( ) ( )

0 0
( ) 1 0

1( )

t

t

T

T

P t T f t dt

t
f t

e t

P t T e dt

α

α

α

α

−

−

≤ =

<⎧
⎪= ⎨

≥⎪⎩

≤ =

∫

∫

Probability that component with average lifetime α fails before time T:

0 2000 4000
0

0.001

0.002

f t( )

α = 500

What is the probability that a light bulb with a 500 hour expected 
lifetime will fail within the first 100 hours?

0

100

t
1

500
e

t

500
⋅

⌠
⎮
⎮
⎮
⌡

d 0.221=
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Cumulative Distribution Function

( ) ( ) ( )
x

P rv x f t dt F x
−∞

≤ = ∫

Continuous random variable:

1
( ) ( )i

i jj
P rv x P x

=
≤ =∑

Discrete random variable:
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Cumulative Distribution Function

( ) ( ) ( )
x

P rv x f t dt F x
−∞

≤ = ∫

Continuous random variable:

1
( ) ( )i

i jj
P rv x P x

=
≤ =∑

Discrete random variable:

( ) ( ) ( )
( ) 1 ( )

P a x b F b F a
P x a F a

< ≤ = −
> = −

Properties of C.D.F
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Useful P.D.F.’s – Binomial Distribution

• A set of discrete random variables can have two possible outcomes:  “success”
or “failure”

– A number of trials are performed, each “succeeds” or “fails”
– P(success) remains constant during trials
– n independent trials

• What is the probability of having exactly r successes?
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Useful P.D.F.’s – Binomial Distribution

• A set of discrete random variables can have two possible outcomes:  “success”
or “failure”

– A number of trials are performed, each “succeeds” or “fails”
– P(success) remains constant during trials
– n independent trials

• What is the probability of having exactly r successes?

( ) (1 )r n rn
P r p p

r
−⎛ ⎞

= −⎜ ⎟
⎝ ⎠

!
!( )!

n n
r r n r

⎛ ⎞
⎜ ⎟ −⎝ ⎠
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Useful P.D.F.’s – Binomial Distribution

• A machining process creates a part with a dimension that has a random 
component.  85% of the parts lie within the required range of dimensions, but 
15% are out of spec.  What is the probability that 80 of 100 randomly chosen 
components will be acceptable?
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Useful P.D.F.’s – Binomial Distribution

• A machining process creates a part with a dimension that has a random 
component.  85% of the parts lie within the required range of dimensions, but 
15% are out of spec.  What is the probability that 80 of 100 randomly chosen 
components will be acceptable?

!( ) (1 ) (1 )
!( )!

r n r r n rn nP r p p p p
r r n r

− −⎛ ⎞ ⎛ ⎞
= − = −⎜ ⎟ ⎜ ⎟−⎝ ⎠ ⎝ ⎠

80 100 80100!( ) (0.85) (0.15) .04
80!(100 80)!

P r −⎛ ⎞
= =⎜ ⎟−⎝ ⎠
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Next time

• More On Statistical Analysis of Experimental Data
– Other useful PDF’s

• Gaussian
• Poisson

– Correlation
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Homework 7

• Problems 6.2, 6.4, 6.6


