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Transfer Function of a Feedback System

» Consider a generic feedback control system

+ E.(s)

R(s) » Y(s)

B(s)

R —

Y (s)=(R(s)-Y(s)H(s))G(s)

Y (s)[1+G(s)H(s)| = R(s)G(s)

Y(s) G(s)
R(s) 1+G(s)H(s)
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Steady State Response

« Consider the hot-wire anemometer as a feedback control system

 What is the steady state response? Amplifier gain, g
« A proportional control system has a steady state error
Output voltage
+ E.(s) /
R(s) » Y(s)
/ _
Set point u(t) B(s)

Sensor sensitivity, k

Y(5=—9 1
1+gk s
From the final value theorem:
: : ] . 1
l[imz(t) =limsZ(s lime_(t) =lims lime_ (t) =
fm 2 =lims2(s)  lime, () =lims = | ime, ) =7
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Steady State Response

 To reduce the steady state error:
Amplifier gain, g

/ Ouﬁyt voltage

+
. » Y(s)
S/ -
Set point u(t) B(s)

Sensor sensitivity, k

But, what if error signal was something like:

i . 1
lime, (t) =lims Remember
t—oo s—0 k 1
Then: _ 1 S S
lime, (t) =lim = =0 Integration of error signal
t—>00 s—0 k s+ gk
1+9— allows steady state error to
E232 S go to zero
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« Control systems

Unity feedback
Transient response
PID control

System types
Steady state error
Performance indices

Today’s topics
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Unity Feedback

* Generic control system
+ Ea(s)

R(s) > Y(s)

Y(s)  G(s)
R(s) 1+G(s)H(s)

N —
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Unity Feedback

* Generic control system
+ Ea(s)

R(s) > Y(s)
Y(s) _ G(s)
R(S) 1+G(s)H(s)
* Unity feedback
+
R(s) > Y(s)
Y(s) _ G(s)

R(s) 1+G(s)
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Transient Response

o Testsignals

r(t)
1 248
Impulse rty=q¢ 2 2
0 otherwise
t =
=P 0 t<0
——>
. (t) = At t>0
amp 10 t<0
_ At> >0
Parabolic r(t) =
0 t<0
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Second Order System Performance

» Consider the simple control system:

+ E(s)

R(s)
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Second Order System Performance

» Consider the simple control system:

+ E(s)

R(S) > Y(s)

__G(s) K

Y C1+G(s) R(s)= s*+ ps+K

R(s)
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Second Order System Performance

» Consider the simple control system:

+ E(s)

R(s)
G(s) K
Y(s)= R(s) = R(s
(5) 1+ G(s) (5) s*+ ps+K (5)
a)Z
Y(s)= L R(s
) (32+2§a)ns+a)n2) )
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Second Order System Performance

» Consider the simple control system:

+ E(s)

R(S) > Y(s)

_ G(s) _ K
_1+G@f“9_ ")

s*+ ps+K

Y (s)

2
)

Y8)= (s°+ 2./;5(;”5 +o,) RE)

With r(t) = u(t):
y(t) =1~

~Cont oi 1— 2t -1
1—{26 sm(a)n £t +cos ({))
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Second Order System Performance

« Effect of damping factor,

{=0.03
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Second Order System Performance

« Effect of damping factor,

£=0.1
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Second Order System Performance

« Effect of damping factor,

£=03
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Second Order System Performance

« Effect of damping factor,

£=07
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Second Order System Performance

« Effect of damping factor,
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Second Order System Performance

« Effect of damping factor,

{=15
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Second Order System Performance

« Effect of damping factor,
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Second Order System Performance

« Effect of damping factor,
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Second Order System Performance

 Underdamped, {<1

g

c=.1

=.3 15

(= 5\ / e\ /
c=.7

— A Overshoot
) .

0.25 \J
0
0
0 3 6 9 12 15
0 wln'ti 15
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Second Order System Performance

« Overdamped, {>1
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Second Order System Performance

Critically damped, £ =1
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Second Order System Performance

y(t) S1-— 1 eeigin (a)n 1-*t+cos™ (())

e

() - 146

i 15

Settling time @ ¢%s - §
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Proportional, Integral, Derivative (PID) Control

Controller
G.(s)

—> Y(s)

K, N KyS

G (s)=K, +
(8)=Ke s r,5+1

G.(s) = K, +ﬁ+ K;S
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Proportional Plus Integral (Pl) Control

Controller
G.(s)

—> Y(s)

K, Kgs
_|_
s 7,5+1

K
G,.(s) = K, +?'+%

G.(s) =K, +
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Proportional Plus Derivative (PD) Control

Controller
G.(s)

—> Y(s)

K, Kgs
_|_
s 7,5+1

G.(s) = K, +¥+ K;S
S

G.(s) =K, +
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PID Control = PD + PI

Pl Controller PD Controller

Gp((S) Gpp(S)

G, ()= K '+t
S

Goo(s)=K" +K" s
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PID Control = PD + PI

Pl Controller PD Controller
Gpi(S) Gpp(S)
K ]
GPI (s)=K lP"'_I
S

Goo(s)=K" +K" s

G, (s) = (K"p+ K", s)(K “%j
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PID Control = PD + PI

Pl Controller PD Controller
Gpi(S) Gpp(S)
K ]
GPI (s)=K lP"'_I
S

Goo(s)=K" +K" s

G, (s) = (K"p+ K", s)(K “%j

SO K

GC(S):(K'PK"P+K', K"D) 5

KIP KllDS
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Type O, Type 1, Type 2,... Systems

R(s) > Y(s)

K(T,s+1)(T,s+1)...(T,s+1)

S ) = e DT s+ DT -1

N is the number of integrations in the open loop transfer function
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Type O, Type 1, Type 2,... Systems

R(s) . » Y(S)
G(s)H (s) = KN(Tas +D(T,s+1)...(T, s+1)
ST (T,s+1)(Ts+1)...(T s +1)
Y(s) G(s) @_1_Y(S)H(S) B 1
R(s) 1+G(s)H(s) R(s) R(s)  1+G(s)H(s)
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Type O, Type 1, Type 2,... Systems

R(s) > Y(s)

K(T,s+1)(T,s+1)...(T,s+1)

S ) = e DT s+ DT -1

Y(s) G(s) ﬁzl_Y(s)H(s): 1

R(S) _1+G(s)H(s) R(s) R(s) 1+G(s)H(s)

£(s)-— RO
1+G(s)H(s)

E232 Copyright ©2007
10/15/2007 Stevens Institute of Technology - All rights reserved

14-33/47



Type O, Type 1, Type 2,... Systems

+
R(s) v
E(s) = R(s)
1+G(s)H (s)
e, = lime(t) =limsE(s) = SR(s)
t—o0 s—0 1+ G (S) H (S)

10/15/2007 Stevens Institute of Technology - All rights reserved 14-34/47



Type O, Type 1, Type 2,... Systems

R(s)

E(s) =)
1+G(s)H(s)
- =lime) =IO =g

Static position error coefficient:

K, =limG(s)H(s) =G(0)H (0)
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Type O, Type 1, Type 2,... Systems

With unit sten inout ) {O t<0
. ith unit step inpu -
1 t>0

+ E(s)

R(S) > Y(S)
E(s) =—— )
1+G(s)H(s)
e = lime(t) = limsE(s) = ——> 1
t=e0 e 1+G(s)H(s) s
Static position error coefficient: For a unit step input:
K, =limG(S)H(S)=GOH(©O) e, =—
s—0 1+ Kp
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Type O, Type 1, Type 2,... Systems

With unit sten inout ) {O t<0
. ith unit step inpu =
1 t>0

+ E(S)

R(s) > Y(s)
Type 0: K, =lim K(T,s+D(T,s+1)...(T,s+1) _K e - 1 >0
20 (T,s+1)(T,s+1)..(T s +1) 1+ K
. KT s+)(Ts+1)..(T s+1
Type 1 or higher: Kp =lim N( SHD(TpS +1)...(Ty S +1) —> 0 e, =0
20 7 (T s +1)(T,s +1)...(T ;s +1)
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Type O, Type 1, Type 2,... Systems

0 t<O

e  With unit ramp input r(t) =
p inp (t) {t >0

+ E(s)
R(s) » Y(s)
E(s) =)
1+G(s)H(s)
e, = lime(t) = limsE(s) = — >~
t—>e 50 1+G(s)H(s) s
Static velocity error coefficient: For a unit ramp input:
: 1
K, = Llig sG(s)H (s) e, = K_V
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Type 0, Type 1, Type 2,... Systems

With unit . (t) 0 t<O0
i | unit ramp npu —
PP t t>0

+ E(s)

R(s) > Y(s)
1
Type O: K, =lim KIS +1)(T,5 +1)... (TS +1) — g, =— > ©
20 (Ts+1)(T,s+1)...(T s +1) K,
Type 1: K, _lim sK(T,s+1)(T,s+1)...(T,s+1) _K e :i:i
0 S(T,s+1)(T,s+1)..(T s +1) K, K
. SK(T,s+1)(T,s+1)..(T,s+1 1
Type 2 or higher: K, =1im (1.5 + D5 +1)... (TS +1) —> © e, =—=0
50 s"(T,s+1)(T,s+1)...(T,s+1) K,
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Type O, Type 1, Type 2,... Systems

0 t<0
it? t>0

«  With unit parabolic input  r(t) :{

+ E(s)

R(s) > Y(s)
E(s) =)
1+G(s)H(s)
e, = lime(t) = limsE(s) = — >~
t—>e 50 1+G(s)H(s) s
Static acceleration error coefficient: For a unit parabolic input:
: 1
_ 2 =
Ky = Islggs G(s)H(s) e, = <
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Type 0, Type 1, Type 2,... Systems

0 t<0
it? t>0

«  With unit parabolic input  r(t) :{

+ E(s)

R(s) > Y(s)
1
Type 0: _lim S°K(T,s+1)(T,s+1)...(T_s+1) 0 e =
HO (Ts+1)(T,s+1)...(T,s+1) K,
1
Type 1. K_ = lim S°K(T.s+1)(T,s+1)...(T_s+1) _ L=
0 S(T,s+1)(T,s+1)...(T s +1) K,
Type 2: K, =lim > K(Tas+1)(Tbs+1)“'(TmS+1) =K e, _1
-0 §%(T,s+1)(T,s+1).. (T,s+1) K
1
Type 3 or higher: _im S K(T s+1)(T,s+1).. (T s+1) e - L _g

= s" (Ts+1)(T,5+1)..(T, s+1) ¥ K,
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Steady State Error

Step Input Ramp input Acceleration input
r)=1 r(t)=t rt) =% t?
1 00 00
Type 0 System
1+ K
1
Type 1 System 0 — o0
K
1
Type 2 System 0 0 E
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Other Performance Indices

e First assume:

lime(t) =0 Otherwise, other indices don’t converge

t—ow
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Other Performance Indices

 First assume:
lime(t) =0 Otherwise, other indices don’t converge

t—ow

* Integral-square criterion

]392 (t)dt e Emphasizes large errors
e “Power” measurement
0
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Other Performance Indices

e First assume:

lime(t) =0 Otherwise, other indices don’t converge

t—ow

* Integral-square criterion

J‘ez (t)dt . ‘I‘Emphailzes large errors
* “Power” measurement
0
* Integral-of-time-multiplied square-error criterion
J'teZ (t)dt » Early errors are less important than
’ later ones
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Other Performance Indices

First assume:

lime(t) =0 Otherwise, other indices don’t converge

t—ow

Integral-square criterion

J‘ez (t)dt . ‘I‘Emphailzes large errors
« “Power” measurement
0
Integral-of-time-multiplied square-error criterion
J'teZ (t)dt » Early errors are less important than
’ later ones
Integral absolute-error criterion
j|e(t)|dt * Not easy to compute analytically
. * Good overall measure
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Other Performance Indices

First assume:

lime(t) =0 Otherwise, other indices don’t converge

t—ow

Integral-square criterion

J‘ez (t)dt . ‘I‘Emphailzes large errors
* “Power” measurement
0
Integral-of-time-multiplied square-error criterion
J'teZ (t)dt » Early errors are less important than
’ later ones
Integral absolute-error criterion
j|e(t)|dt * Not easy to compute analytically
. * Good overall measure
Integral-of-time-multiplied absolute-error criterion
_[t|e(t)|dt * Not easy to compute analytically
. e Early errors are less important than
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